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Abstract. Jet quenching has been used successfully as a hard probe to study
properties of the quark-gluon plasma (QGP) in high-energy heavy-collisions at
both the Relativistic Heavy-Ion Collider (RHIC) and the Large Hadron Collider
(LHC). We will review recent progresses in theoretical and phenomenological
studies of jet quenching with jet transport models. Special emphasis is given
to effects of jet-induced medium response on a wide variety of experimental
measurements and their implications on extracting transport properties of the
QGP in heavy-ion collisions.
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1. Introduction
It has been established through quantum chromody-
namics (QCD) calculations on lattice [1] that matter
with strong interaction governed by QCD under ex-
treme conditions at high temperature and density will
go through a transition from hadronic resonant gas to
quark-gluon plasma (QGP). The transition is a rapid
crossover for matter with nearly zero net baryon den-
sity. Many theoretical model studies indicate the tran-
sition becomes a first order at high baryon density [2]
which is still yet to be confirmed through first princi-
ple calculations with lattice QCD. While experimental
search for the first order phase transition and the exis-
tence of a critical endpoint (CEP) is been carried out
at the beam energy scan (BES) program at the Rel-
ativistic Heavy-Ion Collider (RHIC) [3], many of the
current experimental efforts at RHIC and the Large
Hadron Collider (LHC) focus on exploring and extract-
ing properties of the QGP with negligible baryon den-
sity formed in high-energy heavy-ion collisions [4, 5].
These include the extraction of bulk transport prop-
erties such as the shear and bulk viscosities of QGP
through the study of collective phenomena [6, 7] and
the jet transport coefficient through jet quenching [8,9].
All of these efforts involve systematic comparisons of
experimental data and theoretical calculations with
ever more realistic simulations of the dynamical evo-
lution of the QGP in high-energy heavy-ion collisions.
Jet quenching is a collection of phenomena in
high-energy heavy-ion collisions caused by interac-
tions between energetic jet partons and the QGP
medium [10, 11]. Because of the large transverse mo-
mentum transfer in the hard processes, the cross sec-
tion of the initial jet production can be calculated
with perturbative QCD (pQCD) which has been shown
to agree with experimental data on jet production in
proton-proton (p+p) collisions [12]. These pQCD cal-
culations of the jet production rate can be extended
to proton-nucleus (p+A) collisions within the collinear
factorized pQCD and agree with experimental data af-
ter the nuclear modification of the parton distribu-
tion functions is taken into account [13]. Such cal-
culations for nucleus-nucleus (A+A) collisions can be
used as baselines for the initial jet production against
which medium modification of the jet production due
to jet quenching can be obtained and compared to ex-
perimental data. These include suppression of single
hadron, dihadron and γ-hadron spectra as well as sin-
gle jet, dijet and γ-jet spectra.
Shortly after its initial production, a hard jet
parton has to propagate through the dense QGP
medium formed in heavy-ion collisions. During the
propagation, it will go through multiple interactions
with thermal partons in the QGP and experience
both energy loss and transverse momentum broadening
before hadronization, leading to jet quenching or
suppression of the final jet and hadron spectra. For
energetic partons, the energy loss is dominated by
radiative processes [14] and is directly proportional to
the jet transport coefficient [15] which is defined as the
averaged transverse momentum broadening squared
per unit length of propagation,
qˆa =
∑
b,(cd)
∫
dq2⊥
dσab→cd
dq2⊥
ρb q
2
⊥, (1)
where σab→cd is the partonic scattering cross section
between the jet parton (a) and the medium parton
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Figure 1. (Color online) The scaled jet transport parameter
qˆ/T 3 as a function of the initial temperature T for an initial
quark jet with energy E = 10 GeV at the center of the most
central A+A collisions at an initial time τ0 = 0.6 fm/c extracted
by the JET Collaboration from the experimental data on hadron
suppression. See Ref. [24] for details.
(b) with local density ρb (which should contain a
degeneracy factor or number of degrees of freedom)
and the sum is over the flavor of the thermal parton
(b) and all possible scattering channels a + b → c + d
for different flavors of the final partons (c, d). This
jet transport coefficient can be defined for jet parton
propagating in a non-thermal medium and can be
related to the general gluon distribution density of the
QGP medium [16] and used to characterize a variety of
properties of the QGP at finite temperature [17] as well
as cold nuclear matter [18]. Jet quenching therefore
can be used as a hard probe of the QGP properties in
high-energy heavy-ion collisions.
Since the first discovery of the jet quenching
phenomena at RHIC [4, 19] and the confirmation at
the LHC [5, 20], the focus of jet quenching studies
have shifted to the precision extraction of jet transport
coefficients [21–23] through systematical comparisons
of experimental data with theoretical calculations and
phenomenological analyses that incorporate up-to-date
theories of parton propagation and interaction with
the dense medium, the state-of-the-art model for the
dynamical evolution of the QGP medium and modern
statistical analysis tools. Such a systematical study of
the suppression of the single hadron spectra in heavy-
ion collisions at both RHIC and LHC has been carried
out by the JET Collaboration [24]. The extracted
jet transport coefficient in the range of the initial
temperature achieved at RHIC and LHC, as shown in
Fig. 1, is about 2 orders of magnitude larger than that
inside a cold nucleus, indicating the extremely high
temperature and density of the QGP formed in the
high-energy heavy-ion collisions.
While further phenomenological studies on jet
quenching in the final hadron spectra will continue
to shed light on the detailed properties of the QGP
medium, in particular with the combined experimental
data on hadron spectra and azimuthal anisotropy [25–
27], the experimental data on fully reconstructed
jets available at RHIC and the LHC will provide
unprecedented opportunities to explore the QGP
properties with jet quenching. The large rate of jet
production in a wide range of transverse momentum at
the LHC will allow studies on the energy dependence
of jet quenching and jet transport coefficient in
correlation with many other aspects of heavy-ion
collisions, such as the initial geometry through the
final state multiplicity and the bulk hadron azimuthal
anisotropy, the energy flow of associated soft hadrons
and the flavor tagging. The medium modification of
jet substructures such as the jet transverse profile and
the jet fragmentation function can further elucidate the
QGP properties through parton-medium interaction
and parton transport.
Since fully constructed jets are collections of
collimated clusters of hadrons within a given jet cone,
they consist of not only leading hadrons from the
fragmentation of jet partons but also hadrons from
the bulk medium within the jet cone that become
correlated with jets through jet-medium interactions.
Therefore, the medium modification of jets in heavy-
ion collisions is not only determined by the energy loss
of leading partons but also influenced by the transport
of the energy lost by jet partons in the dynamically
evolving medium through radiated gluons and recoil
partons in the form of jet-induced medium excitation.
It is therefore necessary to include the transport of
recoil partons in the study of jet quenching with the
full jet suppression and medium modification. This will
be the focus of this review on the recent developments
of jet quenching studies.
The outline of this review is as follows. We
will first give a brief review and update on theories
of parton propagation and medium-induced energy
loss in Sec. 2 in a generalized high-twist framework,
followed by a review of models of jet evolution in the
QGP medium in Sec. 3 with emphasis on the multi-
scale nature of the evolution processes. Then, we
will review the description of the jet-induced medium
excitation through the transport of recoil partons and
the hydrodynamic response to jet-medium interaction
in Sec. 4. Effects of jet quenching and medium response
on hadron and jet spectra and jet substructures will be
discussed in Secs. 5, 6 and 7. A summary and outlook
will be given in Sec. 8.
2. Parton energy loss in QCD medium
During the propagation of an energetic parton inside
a QCD medium, it will experience interaction with
4constituents of the medium involving both elastic and
inelastic processes. Within pQCD, one can calculate
both elastic and inelastic energy loss of the propagating
parton inside the QCD medium when it interacts with
the medium partons.
2.1. Elastic energy loss
The elastic energy loss can be calculated from the
elastic scattering cross section [10,28],
dEael
dx
=
∫
d3k
(2pi)3
∑
b,(cd)
γbfb(k)
∫
dq2⊥
dσab→cd
dq2⊥
ν, (2)
where fb(k) is the phase-space distribution (Fermi-
Dirac for quarks and Bose-Einstein for gluons) for
thermal partons with the degeneracy γb, and ν is the
energy transfer from the jet parton to the thermal
medium parton which depends on the propagating
parton energy E, the thermal parton energy ω and the
transverse momentum transfer q⊥. In the high energy
limit E  T , the t-channel gluon and quark scattering
cross sections can be approximated by their small angle
limits
dσab
dq2⊥
= 2
C2(a)C2(b)
N2c − 1
2piα2s
(q2⊥ + µ
2
D)
2
, (3)
where C2 is the quadratic Casimir factor of parton a/b
– C2(q) = CF = (N
2
c − 1)/2Nc = 4/3 for quarks
and C2(g) = CA = Nc = 3 for gluons. The color
factors Cab = 2C2(a)C2(b)/(N
2
c − 1) are Cgg = 9/4,
Cqg = 1 and Cqq = 4/9 for gluon-gluon, gluon-
quark and quark-quark scattering, respectively. This
cross section is collinearly divergent at small angle
or transverse momentum which can be regularized by
the Debye screening mass µ2D = 6piαsT
2 in a medium
with 3 flavors of massless quarks. Under the small
angle approximation for the parton-parton scattering,
ν ≈ q2⊥, the elastic parton energy loss is
dEael
dx
≈ C2(a)3pi
2
α2sT
2 ln
(
2.6ET
4µ2D
)
. (4)
2.2. Inelastic parton energy loss
The first calculation of radiative parton energy loss
was attempted by Gyulassy and Wang [14, 29] within
a static potential model of multiple parton interaction
for an energetic parton in a thermal medium. However,
an important contribution from multiple interaction
between the gluon cloud and the medium was not
taken into account in this first study which turns
out to be the most important in the soft radiation
limit. The first calculation that took into account such
interaction was by Baier-Dokshitzer-Mueller-Peigne-
Schiff (BDMPS) [15, 30, 31] in the limit of soft gluon
radiation. Later on Zakharov using the path integral
formalism [32], Gyulassy-Levai-Vitev (GLV) [33, 34]
and Wiedemann [35] using the opacity expansion
method have also calculated the radiative energy
loss for a fast parton in a QCD medium. All
these calculations assumed the medium as a collection
of static scattering centers as in the first study
by Gyulassy and Wang [14]. A separate method
to calculate parton evolution and energy loss in a
thermal QGP medium was carried out by Arnold,
Moore and Yaffe (AMY) [36] within the framework
of hard thermal loop resummed pQCD at finite
temperature. In the high-twist (HT) approach [37–40],
the twist-expansion technique was used in a collinear
factorization formalism to calculate the medium-
induced gluon spectrum and parton energy loss.
Within this approach the information of the medium is
embedded in the high-twist parton correlation matrix
elements. The relations between these different studies
of parton propagation and energy loss have been
discussed in detail in Refs. [41–43] and numerically
compared in Ref. [44]. In the latest study referred
to as the SCETG formalism [45, 46], the soft collinear
effective theory (SCET) is supplemented with the
Glauber modes of gluon field for parton interaction
between a fast parton and static scattering centers. In
this subsection, we will briefly review the calculation
of induced gluon spectra and parton energy loss within
the high-twist framework and its connection to the
results in the opacity expansion approach.
2.2.1. Vacuum bremsstrahlung Consider the semi-
inclusive deeply inelastic scattering (SIDIS) of a lepton
off a large nucleus,
e(l1) +A(p)→ e(l2) + h(lh) + X .
The cross section of this SIDIS process can be
expressed as
dσ =
e4
2s
∑
q e
2
q
q4
∫
d4l2
(2pi)4
2piδ(l22)LµνW
µν , (5)
where s = (l1 + p)
2 is the invariant center-of-mass
energy squared for the lepton-nucleon scattering, p is
the four-momentum per nucleon in the large nucleus
with atomic number A and q is the four-momentum of
the intermediate virtual photon. The leptonic tensor
is
Lµν =
1
2
Tr[γ · l1γµγ · l2γν ], (6)
and the semi-inclusive hadronic tensor is,
Elh
dWµν
d3lh
=
∫
d4ye−iq·y
×
∑
X
〈A|Jµ(y)|X , h〉〈h,X|Jν(0)|A〉,
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Figure 2. The lowest order and leading twist contribution to
the hadronic tensor in the SIDIS process.
where Jµ(0) =
∑
q ψ¯q(0)γ
µψq(0) is the hadronic vector
current. The four-momentum of the virtual photon
and the initial nucleon are q = [−Q2/2q−, q−,~0⊥]
and p = [p+, 0,~0⊥], respectively. The lowest order
(LO) contribution to the semi-inclusive hadronic tensor
is from the process as shown in Fig. 2 where a
quark from the target nucleus is stuck by the virtual
photon through a single scattering and fragments into
a hadron,
dWµνS(0)
dzh
=
∫
dxfAq (x)H
µν
(0)(x)Dq→h(zh), (7)
where the nuclear quark distribution function is defined
as,
fAq (x) =
∫
dy−
2pi
e−ixp
+y− 1
2
〈A|ψ¯q(y−)γ+ψq(0)|A〉,
(8)
and the quark fragmentation function is,
Dq→h(zh) =
zh
2
∑
S
∫
dy+
2pi
eil
−
h y
+/zh
× Tr
[
γ−
2
〈0|ψ(y+)|h,S〉〈S, h|ψ¯(0)|0〉
]
.(9)
The hard partonic part is,
Hµν(0)(x) =
1
2
Tr[γ · pγµγ · (q + xp)γν ]
× 2pi
2p+q−
δ(x− xB), xB = Q
2
2p+q−
, (10)
where xB is the Bjorken variable. The momentum
fraction of the struck quark is x = xB in this LO
process. The fraction of the light-cone momentum
carried by the observed hadron with momentum lh is
zh = l
−
h /q
−.
At the next-to-leading order (NLO), the struck
quark can have vacuum gluon bremsstrahlung after the
photon-quark scattering as shown in Fig. 3. The hard
partonic part of this process is
Hµν(1)(x, p, q, z) = H
µν
(0)(x)
αs
2pi
∫
dl2⊥
l2⊥
Pq→qg(z), (11)
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Figure 3. The next-to-leading order and leading twist
contribution to the hadronic tensor in the SIDIS process.
Pq→qg(z) = CF
1 + z2
1− z , (12)
where Pq→qg(z) is the quark splitting function and
z = l−q /q
− is the quark momentum fraction after the
gluon bremsstrahlung. Considering hadrons from the
fragmentation of both the final quark and gluon, the
NLO correction to the hadronic tensor is then
dWµνS(1)
dzh
=
∫
dxfAq (x)H
µν
(0)(x)
αs
2pi
∫ 1
zh
dz
z
∫
dl2⊥
l2⊥
(13)
×
[
Pq→qg(z)Dq→h(
zh
z
) + Pq→qg(1− z)Dg→h(zh
z
)
]
,
where the gluon fragmentation function is defined as,
Dg→h(zh) = − z
2
h
2l−h
∑
S
∫
dy+
2pi
eil
−
h y
+/zh
× 〈0|F−α(y+)|h,S〉〈S, h|F− α(0)|0〉. (14)
At NLO, one also has to include the virtual
corrections to the hadronic tensor,
dWµνS(v)
dzh
= −
∫
dxfAq (x)H
µν
(0)(x)
αs
2pi
×
∫ 1
0
dz
∫
dl2⊥
l2⊥
Pq→qg(z)Dq→h(zh), (15)
which can also be obtained from the unitarity
requirement on the radiative process.
When summed together, the radiative corrections
can be organized into the renormalized fragmentation
function Dq→h(zh, µ2) in the hadronic tensor,
dWµνS
dzh
=
∫
dxfAq (x)H
µν
(0)Dq→h(zh, µ
2), (16)
Dq→h(zh, µ2) = Dq→h(zh) +
αs
2pi
∫ 1
zh
dz
z
∫ µ2
0
dl2⊥
l2⊥
(17)
×
[
P+q→qg(z)Dq→h(
zh
z
) + Pq→qg(1− z)Dg→h(zh
z
)
]
,
P+q→qg(z) = CF
[
1 + z2
(1− z)+ +
3
2
δ(1− z)
]
, (18)
where the + function is defined as∫ 1
0
dz
F (z)
(1− z)+ ≡
∫ 1
0
dz
F (z)− F (1)
(1− z) , (19)
6for any function F (z) which is sufficiently smooth
at z = 1. Note that the above renormalized
fragmentation function is free of infrared divergence
due to the cancellation between the radiative and
virtual corrections and it satisfies the DGLAP
equation [47–49].
2.2.2. Medium induced gluon spectra When the initial
jet production occurs inside a medium in DIS off
a large nucleus or amid the formation of the dense
QCD matter in high-energy heavy-ion collisions, the
jet parton will have to interact with other partons
as it propagates through the medium. Such final
state interaction with medium partons will lead to
both elastic energy loss as well as inelastic energy loss
through induced gluon radiation or quark-anti-quark
pair production. Induced gluon bremsstrahlung turns
out to be the most dominant energy loss mechanism.
For a parton propagating in a medium with
large path length, one has to consider many multiple
scatterings and the corresponding induced gluon
bremsstrahlung. Taking into account of the Landau-
Pomeranchuk-Migdal (LPM) interference [50,51] effect,
one can calculate the energy loss (per unit length) in
the limit of soft gluon radiation which has a unique
energy and length dependence. For a medium with
finite length, one can consider an expansion in the
opacity of the medium as seen by the propagating
parton and the leading order contribution comes from
processes with one secondary scattering after the initial
parton production and the interference between zero
and two secondary scattering. This is also equivalent
to the twist expansion in the high-twist approach.
Under the opacity or twist expansion, the leading
contribution to medium-induced gluon spectra is
from processes in which the jet parton undergoes
a secondary scattering with the medium after its
initial production. In the DIS off a large nucleus,
these correspond to gluon radiation induced by a
secondary scattering of the quark with another gluon
from a different nucleon inside the nucleus after it is
knocked out by the hard photon-quark scattering as
illustrated by the two example Feynman diagrams in
Fig. 4. There are generally two types of processes
represented by these Feynman diagrams. The first
one corresponds to final-state gluon radiation induced
by the hard photon-quark scattering after which the
final quark or gluon have a secondary scattering with
another gluon from the nucleus. In the second type
of processes, the gluon radiation is induced by the
secondary scattering between the final quark and the
nucleus after the initial photon-quark interaction. The
interferences between these two types of processes give
rise to the LPM interference effect limiting the gluon
radiation whose formation time is longer than the
6
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Figure 4. Two example Feynman diagrams for induced gluon
radiation induced by double scattering that contribute to the
hadronic tensor in the SIDIS process.
distance between hard photon-quark scattering and the
secondary scattering.
We only illustrate two symmetrical processes with
different cuts (left, central and right) in Fig. 4. One
should also consider asymmetrical cut diagrams from
interferences of different radiative processes (initial and
final radiation from quark and radiation from gluon
lines). In recent studies, radiative gluon spectrum
from double scattering in DIS off a large nucleus has
been calculated [52–54] in which both finite momentum
fraction of the gluon and energy-momentum transfer
from the medium are taken into account. Under the
static-interaction approximation (neglecting energy-
momentum transfer from the medium), the final gluon
spectrum induced by a secondary scattering with a
medium gluon from a nucleon at (y−1 , ~y⊥) after the
initial photon-quark scattering at (y−, ~y⊥) can be
expressed as,
dNg
dl2⊥dz
=
piα2s
Nc
1 + (1− z)2
z
∫
dy−d2y⊥
A
ρA(y
−, ~y⊥)
×
∫
d2k⊥
(2pi)2
∫
dy−1 ρA(y
−
1 , ~y⊥)
{
CF
(~l⊥ − z~k⊥)2
− CF
l2⊥
+ CA
[
2
(~l⊥ − ~k⊥)2
−
~l⊥ · (~l⊥ − ~k⊥)
l2⊥(~l⊥ − ~k⊥)2
− (
~l⊥ − ~k⊥) · (~l⊥ − z~k⊥)
(l⊥ − k⊥)2(~l⊥ − z~k⊥)2
]
(1− cos[xLDp+y−1 ])
+
1
Nc
[
~l⊥ · (~l⊥ − z~k⊥)
l2⊥(~l⊥ − z~k⊥)2
− 1
l2⊥
] (
1− cos[xLp+y−1 ]
)}
7× φ(0,
~k⊥)
k2⊥
. (20)
The nucleon density inside the nucleus is normalized
as
∫
dy−d2y⊥ρA(y−, ~y⊥) = A.
The medium gluon in the secondary scattering
carries transverse momentum ~k⊥ and φ(0,~k⊥) is
the transverse-momentum-dependent (TMD) gluon
distribution function (with momentum fraction x ≈
0) inside the nucleon. It can be related to the jet
transport coefficient
qˆR(y) ≈ 4pi
2αsC2(R)
N2c − 1
ρA(y)
∫
d2k⊥
(2pi)2
φ(0,~k⊥), (21)
for a propagating parton in the color representation R.
Note that the effective quark-nucleon scattering cross
section in terms of the TMD gluon distribution is
σqN =
2pi2αs
Nc
∫
d2k⊥
(2pi)2
φ(0,~k⊥)
k2⊥
. (22)
The following quantity in the above induced gluon
spectra,
2pi2αs
Nc
ρA(y
−, ~y⊥)
∫
d2k⊥
(2pi)2
φ(0,~k⊥)
k2⊥
, (23)
or σqNρA can also be interpreted as the inverse of
quark’s mean-free-path due to quark-gluon scattering
inside the nucleus. The integration
∫
dy−d2y⊥/A is
the average over the photon-quark scattering position
inside the nucleus.
The third and fourth terms in the curly bracket
correspond to gluon radiation from the initial gluon
(with three-gluon vertex) and quark (both initial and
final) during the secondary quark-gluon interaction.
There are LPM interference effects for these two kinds
of induced gluon radiation that limit the radiation
within the formation time
τ1f =
1
xLDp+
, xLD =
(~l⊥ − ~k⊥)2
2p+q−z(1− z) ; (24)
τ2f =
1
xLp+
, xL =
l2⊥
2p+q−z(1− z) . (25)
The first two terms in the curly bracket are the
remaining contributions from the final and initial
state gluon radiation from the quark line during the
secondary quark-gluon interaction that are not affected
by the LPM interference.
In the limit of soft gluon radiation z ≈ 0, the
induced gluon spectrum becomes much simpler,
dNg
dl2⊥dz
≈ CA αs
2pi
1 + (1− z)2
z
2pi2αs
Nc
∫
dy−d2y⊥
A
×
∫
dy−1
∫
d2k⊥
(2pi)2
ρA(y
−, ~y⊥)ρA(y−1 , ~y⊥)
× 2
~k⊥ ·~l⊥
l2⊥(~l⊥ − ~k⊥)2
(
1− cos[xLDp+y−1 ]
) φ(0,~k⊥)
k2⊥
, (26)
which is equivalent to the results from GLV calcula-
tions.
2.2.3. High-twist expansion versus GLV result In
the original calculation of parton energy loss in the
high-twist formalism, one first expands the scattering
amplitude in the transverse momentum of the initial
gluon, assuming it is much smaller than the transverse
momentum of the radiated gluon k⊥  l⊥. One can
perform the same procedure of collinear expansion here
for the radiative gluon spectra induced by a secondary
scattering. Keeping the following expansion to the
quadratic order in k⊥,
2~k⊥ ·~l⊥
l2⊥(~l⊥ − ~k⊥)2
(
1− cos[xLDp+y−1 ]
) ≈ 4(~k⊥ ·~l⊥)2
l6⊥
× (1− cos[xLp+y−1 ]− xLp+y−1 sin[xLp+y−1 ])+O(k4⊥),
one can factor out the TMD gluon distribution from
the scattering amplitude. The integration of the TMD
gluon distribution over k⊥ leads to the quark transport
coefficient qˆF as defined in Eq. (21). The radiative
gluon spectrum in the soft gluon approximation in
Eq. (26) becomes
dNg
dl2⊥dz
=
∫
dy−d2y⊥
A
ρA(y
−, ~y⊥)
∫
dy−1 qˆF (y
−
1 , ~y⊥)
× CAαs
pi
1 + (1− z)2
z
1
l4⊥
(
1− cos[xLp+y−1 ]
−xLp+y−1 sin[xLp+y−1 ]
)
, (27)
which is the original high-twist result when the last
term from the derivative of the phase factor in the
scattering amplitude is dropped.
In the above collinear approximation one assumes
k⊥  l⊥ for the initial gluon. Such an approximation
however missed the contribution to the gluon spectrum
from the region ~k⊥ ≈ ~l⊥ when the formation time
τ1f = 1/(xLDp
+) becomes large. Such contribution
can be recovered approximately when the last term in
Eq. (27) from the derivative of the phase factor in the
scattering amplitude is dropped.
Considering the Gyulassy-Wang (GW) static
potential model of the scattering centers inside a
medium as in the GLV calculation, the cross section
of the quark-medium scattering is given by Eq. (3),
dσ
dk2⊥
=
C2(R)C2(T )
N2c − 1
4piα2s
(k2⊥ + µ
2
D)
2
, (28)
where C2(R) and C2(T ) are the quadratic color
Casimir factors of the propagating parton and
scattering center, respectively, and µD is the Debye
screening mass. According to the two definitions of
8the jet transport coefficient qˆR in Eqs. (1) and (21),
the TMD gluon distribution of the medium under the
GW static potential model is then
φ(0,~k⊥)
k2⊥
= C2(T )
4αs
(k2⊥ + µ
2
D)
2
. (29)
The radiative gluon spectra without the average
over the initial quark production point can be
expressed as
dNg
dl2⊥dz
≈ CA αs
2pi
1 + (1− z)2
z
2pi2αs
Nc
×
∫
dy−1
∫
d2k⊥
(2pi)2
ρA(y
−
1 , ~y⊥)
2~k⊥ ·~l⊥
l2⊥(~l⊥ − ~k⊥)2
× (1− cos[xLDp+y−1 ])C2(T ) 4αs(k2⊥ + µ2D)2 . (30)
One can make a variable change ~l′⊥ = ~l⊥−~k⊥ and then
integrate over ~k⊥,∫
d2k⊥
k⊥l′⊥ cosφ+ k
2
⊥
(k2⊥ + l′
2
⊥ + 2k⊥l′⊥ cosφ)(k2⊥ + µ2D)2
= pi
∫ ∞
l′2⊥
dk2⊥
(k2⊥ + µ
2
D)
2
=
pi
l′2⊥ + µ2D
. (31)
The radiative gluon spectra can then be expressed as
dNg
dl2⊥dz
≈ CA αs
2pi
1 + (1− z)2
z
2piα2s
Nc
×
∫
dy−1 ρA(y
−
1 , ~y⊥)C2(T )
1
l2⊥(l
2
⊥ + µ
2
D)
× (1− cos[xLp+y−1 ]) , (32)
after substituting l′⊥ → l⊥. Note that the quark
transport coefficient in this static potential model is
qˆF =
2piα2s
Nc
C2(T )ρA
[
log(
Q2
µ2D
+ 1)− Q
2
Q2 + µ2D
]
. (33)
The above induced gluon spectrum is equivalent to
the original high-twist result [Eq. (27)] without the
term from the derivative to the phase factor when
one rescales the jet transport coefficient by a factor
of 2 log(Q2/µ2D).
The calculation of induced gluon spectrum and
parton radiative energy loss considers only the first
order in opacity expansion and is only valid for a
few number of parton rescattering in the medium.
This is the general assumption for the calculation by
Gyulassy-Levai-Vitev (GLV) and Wiedemann [33–
35]. In the limit of many soft scatterings, one have
to take the approach by Baier-Dokshitzer-Mueller-
Peigne-Schiff and Zakharov (BDMPS-Z) [15, 31, 32]
when one considers soft gluon radiation as a result of
multiple scatterings. All of these studies assume the
medium as a series of static scattering centers as in
the Gyulassy-Wang (GW) model [14]. Alternatively,
Arnold, Moore and Yaffe (AMY) [36, 55] employed
the hard thermal loop improved pQCD at finite
temperature to calculate the scattering and gluon
radiation rate in a weakly coupled thermal QGP
medium. In the recent SCETG formalism [45, 46],
the standard soft collinear effective theory (SCET)
is supplemented with the Glauber modes of gluon
exchange for interaction between a fast parton and
a static scattering medium to study multiple parton
scattering and medium-induced gluon splitting. The
relations between some of these different studies
of parton propagation and energy loss have been
discussed in detail in Refs. [41–43].
One should bear in mind that in most of the past
calculations of radiative parton energy loss and gluon
spectrum, one assumes the eikonal approximation for
the fast parton propagation, in which the energy of
the propagating parton E and the radiated gluon ω
are considered larger than the transverse momentum
transfer k⊥ in the scattering: E,ω  k⊥. The energy
of the radiated gluon is also considered larger than
its transverse momentum ω  l⊥ in the collinear
radiation. In addition, the soft gluon approximation
E  ω is also assumed in BDMPS-Z and GLV
studies. In the models of static scattering centers,
interactions between the propagating parton and
the medium do not involve energy and longitudinal
momentum transfer. The elastic scattering, the
radiative process and the corresponding energy loss are
calculated separately. To improve these calculations,
the GLV calculation has been extended beyond the
soft radiation approximation [56] and the first order in
the opacity expansion [57], and now with a dynamical
medium through the hard thermal loop resummed
gluon propagator [58]. The HT approach has also
been extended to include the longitudinal momentum
diffusion [59, 60]. Further improvements such as
effects of color (de)coherence, angular ordering [61–63]
and overlapping formation time in sequential gluon
emissions [64] have also been studied.
3. Jet evolution models
3.1. Vacuum parton showers
High energy partons produced via hard collisions
usually start with large virtuality scales (or off-
shellness). Then they evolve toward their mass shells
through successive splittings, each of which reduces the
virtualities of the daughter partons compared to the
mother. The parton/hadron fragmentation function
Da(z,Q
2) at a given scale Q2 is typically described
by the DGLAP evolution equation [47–49, 65], where
z is the fractional momentum (p+ in the light-cone
coordinate if not otherwise specified in this review)
of the daughter parton/hadron taken from the initial
9parton with flavor a.
The DGLAP evolution equation can be rewritten
in a more convenient fashion using the Sudakov form
factor [66],
∆a(Q
2
max, Q
2
a) =
∏
i
∆ai(Q
2
max, Q
2
a) (34)
=
∏
i
exp
− Q
2
max∫
Q2a
dQ2
Q2
αs(Q
2)
2pi
zmax∫
zmin
dzPai(z,Q
2)
 ,
that represents the probability of no splitting between
scales Q2max and Q
2
a, where the former denotes the
maximum possible virtuality of the given parton. In
Eq. (34), Pai is the parton splitting function in vacuum
for a particular channel i, and zmin and zmax are
the lower and upper kinematic limits of the fractional
momentum z. Note that there is no unique prescription
for a “best” choice of the Q2max. It depends on different
model assumptions or is treated as a parameter to
fit hadron/jet spectra in proton-proton collisions. In
addition, the values of zmin and zmax depend on the
definition of z (momentum fraction or energy fraction),
as well as the coordinate one uses. More details
on these kinematic cuts will be discussed later when
different models are presented.
With this Sudakov form factor, one may construct
an event generator to simulate parton showers. For
an a → bc splitting process, if a random number
r ∈ (0, 1) is smaller than ∆a(Q2max, Q2min), parton a
is considered stable (no splitting happens) with its
virtuality set as Q2a = Q
2
min. Here Q
2
min denotes the
minimum allowed virtuality scale of a parton, which
is usually taken as 1 GeV2 (nucleon mass scale) in
vacuum parton showers. On the other hand, if r >
∆a(Q
2
max, Q
2
min), the equation r = ∆a(Q
2
max, Q
2
a) is
solved to determine the virtuality scale Q2a at which
parton a splits. The specific channel i through which
a splits is then determined using the branching ratios:
BRai(Q
2
a) =
zmax∫
zmin
dzPai(z,Q
2
a). (35)
Through a particular channel, the longitudinal momen-
tum fractions z and (1−z) of the two daughter partons
are determined with the splitting function Pai(z,Q
2
a).
Meanwhile, z2Q2a and (1 − z)2Q2a are used as the new
maximum possible virtualities Q2max of the two daugh-
ters respectively, with which their actual virtualities
Q2b and Q
2
c can be calculated again using Eq. (34) with
their own flavors. Finally, the transverse momentum
of the daughters with respect to the mother reads
k2⊥ = z(1− z)Q2a − (1− z)Q2b − zQ2c , (36)
which completes one splitting process[
p+,
Q2a
2p+
, 0
]
→
[
zp+,
Q2b + k
2
⊥
2zp+
,~k⊥
]
+
[
(1− z)p+, Q
2
c + k
2
⊥
2(1− z)p+ ,−
~k⊥
]
. (37)
One may iterate this process until all daughter
partons reach Q2min, generating a virtuality-ordered
parton shower where the virtuality scales of single
partons decrease through the successive splittings. For
simplicity, we have neglected the rest mass of partons
in the above discussion. To take this into account, one
may replace Q2a with M
2
a = Q
2
a +m
2
a in Eqs. (36) and
(37), where ma represents the rest mass of parton a.
This formalism has been successfully implemented
in the event generators such as Pythia [67] for proton-
proton (p+p) collisions. Note that in Pythia, z is
defined as the fractional energy Eb/Ea instead of the
fractional light-cone momentum. With this definition,
the kinematic cuts of z in Eqs. (34) and (35) read
zmax/min =
1
2
[
1 +
M2b −M2c
M2a
±|~pa|
Ea
√
(M2a −M2b −M2c )2 − 4M2bM2c
M2a
]
. (38)
This can be obtained by solving the momentum p
of parton b/c in the rest frame of parton a via
Ma =
√
p2 +M2b +
√
p2 +M2c and then boosting it
collinearly with ±|~pa|/Ea. Before Mb and Mc are
determined, one may assume they are zero compared
to Ma (or Qa) and use
zmax/min =
1
2
(
1± |~pa|
Ea
)
(39)
in Eqs. (34) and (35).
In Pythia, the initial maximum possible virtual-
ity scale of each parton is set as Q2max = 4Q
2
hard by
default, where Q2hard is the scale of transverse momen-
tum exchange square of the initial hard scattering. One
may modify this pre-factor of 4 using the parp(67) pa-
rameter inside the Pythia 6 code.
To take into account the coherence effect on
parton splittings, Pythia implements the angular-
ordering cut on the virtuality-ordered parton showers.
After parton a splits, its daughters b and c are also
allowed to further split independently. However, if
the opening angle of the splitting from b is larger
than the angle between b and c, the soft gluon (b′)
emitted from b can interfere with c. In other words,
the soft gluon emitted at a large angle corresponds
to a large transverse wavelength, which cannot resolve
the separate color charges of b and c. Therefore, it is
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treated as being emitted from a directly rather than
from b independently. To reduce such soft emission
at large angle from the daughter partons, Pythia
requires the splitting angle of b (same for c) is smaller
than the splitting angle of a. Using Eq. (36) with
Qa →Ma and Mb ≈Mc ≈ 0, one obtains
θa ≈ k⊥
Eb
+
k⊥
Ec
≈ 1√
za(1− za)
Ma
Ea
, (40)
where Eb = zaEa and Ec = (1 − za)Ea are applied.
Therefore, θb < θa yields
zb(1− zb)
M2b
>
1− za
zaM2a
. (41)
3.2. Medium-modified parton showers
While this virtuality-ordered (or angular-ordered)
formalism has been generally accepted for generating
vacuum parton showers in p+p collisions, different
approaches have been developed to modify this
formalism to include medium effects in heavy-
ion collisions. In general, approaches in the
literature can be categorized into two groups: (1)
directly modifying the splitting function Pai(z,Q
2)
in Eqs. (34) and (35) with medium effects; and
(2) applying medium modification on the parton
kinematics between vacuum-like splittings. The former
includes Matter [68,69], Q-Pythia [70] and Yajem-
fmed [71]; and the latter includes Jewel [72–74],
Hybrid [75–77] and Yajem-rad/drag/de [71, 78–
80].
Within the first group, the medium-modified
splitting function is written as
Pai(z,Q
2) = P vacai (z) + P
med
ai (z,Q
2), (42)
where the first term on the right-hand side is the
standard vacuum splitting function, and the second
term is known as the medium-induced splitting
function. This method is expected to be valid when
the medium-induced part can be treated as a small
correction to the vacuum part. In the Matter
model [68, 69], the latter is taken from the high-twist
energy loss calculation [37,59],
Pmedai (z,Q
2) =
CA
C2(a)
P vacai (z)
z(1− z)Q2
×
τ+f∫
0
dζ+qˆa
(
~r + nˆ
ζ+√
2
)[
2− 2 cos
(
ζ+
τ+f
)]
. (43)
Note that the color factor for the medium-induced
gluon emission is always CA which is different from
C2(a) in P
vac
ai (z) for gluon emission in vacuum.
Here, qˆa is the parton jet transport parameter that
denotes its transverse momentum broadening square
per unit time/length due to elastic scatterings with
the medium. It depends on the medium properties –
density and flow velocity – at the location ~r+ nˆζ+/
√
2,
where ~r is the production point of the given parton
and nˆ = ~p/|~p| denotes its propagation direction. In
addition, τ+f = 2p
+/Q2 is the mean formation time of
the splitting process.
Compared to vacuum parton showers, one needs
to track not only the virtuality scale of each
parton, but also its spacetime information. For
heavy-ion collisions, the production vertices of high-
energy partons in initial hard scatterings are usually
distributed according to the binary collision points
from the Glauber model [81]. After that, each parton
is assumed to stream freely for τ+ ≈ τ+f between
its production and splitting vertex. One may either
directly use the mean formation time τ+ = τ+f for each
splitting, or sample the splitting time using a Gaussian
distribution with a mean value of τ+f [68, 69]:
ρ(ξ+) =
2
τ+f pi
exp
−( ξ+
τ+f
√
pi
)2 . (44)
The latter introduces additional effects of quantum
fluctuation on parton energy loss into event generator
simulations.
In the Matter model, the spacetime profile of
the QGP medium is taken from the (2+1)-dimensional
viscous hydrodynamic model Vishnew [82–84]. The
entropy density distribution of the QGP fireball is
initialized with the Monte-Carlo Glauber model. The
starting time of the hydrodynamical evolution is set
as τ0 = 0.6 fm and the specific shear viscosity
is tuned as η/s=0.08 to describe the soft hadron
spectra at RHIC and the LHC. This hydrodynamic
simulation then provides the spacetime distributions
of the temperature (T ), entropy density (s) and flow
velocity (u) of the QGP. During the QGP stage – after
τ0 = 0.6 fm and before jet partons exit the medium
(a critical temperature Tc ≈ 160 MeV is used for
identifying the QGP boundary) – the splitting function
in Eq. (42) contains both vacuum and medium-induced
parts. Before and after the QGP stage, however, it
has only the vacuum contribution. As a jet parton
travels inside the QGP, its transport coefficient qˆa in
the local rest frame of the fluid cell is calculated using
qˆa,local = qˆa0 · s/s0, where a minimal assumption of
its proportionality to the local density of scattering
centers (or entropy density) is adopted. Here, s0 is a
reference point (e.g. s0 ≈ 96 fm−3 at the center of the
QGP fireballs produced in central
√
sNN = 200 GeV
Au+Au collisions at RHIC), and qˆa0 is the jet transport
parameter at this reference point. The path length
integral in Eq. (43) is calculated in the center-of-mass
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frame of collisions. Therefore, one should take into
account the effects of the local fluid velocity of the
expanding medium by using the rescaled jet transport
coefficient qˆa = qˆa,local · pµuµ/p0 [85] in Eq. (43).
Compared to Pythia, Matter simulates parton
showers starting from each individual parton rather
than from the entire proton-proton collision system.
Without the knowledge of the hard scattering scale,
Matter [69] uses the initial parton energy square
E2 as its maximum possible virtuality scale Q2max
to initiate the time-like parton showers. In a more
recent version of Matter that is embedded into the
Jetscape framework [86], Q2max = p
2
T/4 is set by
default to describe the hadron/jet spectra in proton-
proton collisions.
In addition, unlike Pythia, Matter uses the
light-cone momentum p+ to define the momentum
fraction z in the splitting function. This leads to
a slightly different form of kinematic cuts zmax/min
compared to Eqs. (38) and (39). The general idea
remains the same: the lower and upper limits of z are
obtained when parton b is collinear with parton a, i.e.,
k2⊥ = 0 in Eq. (36). This yields
zmax/min =
1
2
[
1 +
M2b −M2c
M2a
±
√
(M2a −M2b −M2c )2 − 4M2bM2c
M2a
]
. (45)
Since there is no | ~pa|/Ea compared to Eq. (38), one
cannot further simplify the expression by taking Mb =
Mc = 0 which will lead to zmax = 1 and zmin = 0
where the splitting function may be divergent. A
natural alternative approximation would be setting
M2b = M
2
c = Q
2
min, which gives
zmax/min =
1
2
[
1±
√
1− 4Q
2
min
M2a
]
≈ 1
2
[
1± (1− 2Q2min/M2a)] , (46)
i.e., zmax = 1 − Q2min/M2a and zmin = Q2min/M2a .
As a simplification for both Eq. (39) and Eq. (46),
the rest masses mb and mc have been neglected. If
necessary, M2b/c = Q
2
min + m
2
b/c should be applied
instead, especially for heavy quarks.
Similar to Matter, Q-Pythia [70] also intro-
duces medium effects on parton showers by modify-
ing the splitting function in the Sudakov form fac-
tor. The Q-Pythia model directly modifies the parton
shower routine pyshow in the Pythia 6 code by in-
troducing the medium-induced splitting function from
the BDMPS energy loss formalism [15, 31, 32]. In Q-
Pythia, Q2max = 2E
2 is used as the initial maximum
possible virtuality, where E is the energy of the par-
ton that initiates the showers. At this moment, Q-
Pythia uses simplified models of the QGP medium
that is mainly characterized by two parameters: the
jet transport coefficient qˆa and the medium length L.
One more example within this first group of
medium modification approaches is Yajem-fmed [71].
Similar to Q-Pythia, Yajem is also based on
modifying the Pythia 6 shower routine pyshow.
Although most modes in Yajem belong to the second
group that will be discussed below, its fmed mode
implements a factor (1 + fmed) to enhance the singular
part of the splitting function upon the presence of a
medium. For example,
Pq→qg(z) = CF
1 + z2
1− z
⇒ CF
[
2(1 + fmed)
1− z − (1 + z)
]
. (47)
The factor fmed is assumed to be proportional to the
density of scattering centers inside the medium, or
3/4, where  is the local energy density of the QGP
that is simulated with a (3+1)-D ideal hydrodynamic
model [87]:
fmed = Kf
∫
dζ [(ζ)]
3/4
× [cosh ρ(ζ)− sinh ρ(ζ) cosψ] , (48)
with Kf as a model parameter. Here, ρ represents
the local flow rapidity of the medium and ψ represents
the angle between the medium flow and the jet parton
momentum. When jet parton travels with the speed
of light, the [cosh ρ(ζ) − sinh ρ(ζ) cosψ] term is the
same as the pµuµ/p
0 factor to take into account the
medium flow effect on jet transport coefficients, as
discussed in the Matter model above. This factor is
exact for rescaling qˆa since the transverse momentum
broadening square is boost invariant [85], but may not
be true for other coefficients.
The second group of approaches introduce
medium modification on parton kinematics between
vacuum-like splittings without changing the splitting
function itself. The aforementioned Yajem model [71,
78–80] provides several modes that belong to this
group. For instance, the Yajem-rad mode enhances
the parton virtuality before its next splitting based on
its scattering with the medium:
∆Q2a =
∫ τ0a+τfa
τ0a
dζqˆa(ζ), (49)
where τ0a is the production time of parton a and
τfa is its splitting time 2Ea/Q
2
a. This transverse
momentum broadening induced virtuality increase
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∆Q2a will shorten the splitting time τ
f
a . Thus, one may
need to adjust (τfa , ∆Q
2
a) such that a self-consistent
pair is obtained.
The Yajem-drag mode applies a drag to reduce
the energy of parton a before its next splitting:
∆Ea =
∫ τ0a+τfa
τ0a
dζDa(ζ), (50)
where Da(ζ) can be understood as a drag coefficient
due to parton-medium interactions. Both qˆa and Da
are assumed to be proportional to 3/4[cosh ρ(ζ) −
sinh ρ(ζ) cosψ], with constant scaling factors in front
as model parameters.
In Ref. [71], different implementations of medium
modification are systematically compared within the
Yajem model, where no obvious difference in the final
state observables has been found between enhancing
the parton virtuality (the Yajem-rad mode) and
directly modifying the parton splitting function (the
Yajem-fmed mode). On the other hand, applying
energy loss on jet partons (the Yajem-drag mode)
leads to different fragmentation function and angular
distribution of final state charged hadrons coming
from a single quark. In a later work [80], the ∆Q2a
enhancement and ∆Ea drag methods are combined
into a Yajem-de mode.
Drag and transverse momentum broadening on
jet partons have also been applied in the Hybrid
model [75–77] in a similar way. In this model,
Pythia 8 is first applied to generate a chain of vacuum
parton showers. To construct the spacetime structure
of this chain inside the QGP, the location of the
first pair of partons produced from the initial hard
collision is distributed according to the Glauber model,
after which each parton propagates for a lifetime of
2E/Q2a before it splits. During its propagation, a
drag is applied to the parton, where the form of the
drag is taken from holographic calculations of parton
energy loss in a strongly coupled plasma using the
gauge/gravity duality [88]:
1
Ein
dE
dx
= − 4
pi
x2
x2stop
1√
x2stop − x2
, (51)
where Ein is the initial parton energy, xstop is the
stopping distance given by [89,90]
xstop =
1
2κsc
E
1/3
in
T 4/3
, (52)
with κsc as a model parameter. Equations (51)
and (52) were derived for energetic quarks propagating
through the strongly coupled plasma. In the Hybird
model, gluons are assumed to follow the same equation,
but with a rescaled parameter as κGsc = κsc(CA/CF )
1/3
so that within the string-based picture a gluon has
the similar stopping distance to a quark with half
of the gluon energy [75]. The transverse momentum
kicks on jet partons from the medium is applied with
dk2⊥ = qˆadt (sampled with a Gaussian distribution
with dk2⊥ as its width) for each time step dt, where
qˆa = KaT
3 is assumed with Ka as a model parameter.
In the Hybrid model, the local temperature T in
the QGP is provided by hydrodynamic models. Both
boost invariant ideal hydrodynamic simulations [91]
and viscous hydrodynamic simulations [92] have been
used. To take into account the local velocity of the
expanding QGP during each time step (or unit length),
a given jet parton is first boosted into the local rest
frame of the hydrodynamic fluid cell in which its
momentum is updated with both longitudinal drag and
transverse momentum broadening. It is then boosted
back into the center-of-mass frame of collisions for
propagation to the next time step.
Upon each splitting, the Hybrid model assumes
that the two daughter partons share the updated
momentum of the mother according to the fraction z
pre-assigned in the splitting chain based on the Pythia
vacuum showers.
A more elaborated treatment of parton-medium
scatterings between vacuum-like splittings is imple-
mented in Jewel [72–74]. To take into account the
transverse phase in the LPM interference accumulated
through multiple scattering, a radiated gluon is allowed
to scatter with the medium during its formation time
τf = 2ω/k
2
⊥, where ω is the gluon energy and k⊥ is
its transverse momentum with respect to its mother.
Scatterings between the jet parton and thermal partons
inside the medium are described using 2 → 2 pQCD
matrix elements. Detailed implementation of such per-
turbative scatterings will be discussed in the next sub-
section. When an additional scattering happens, the
total momentum transfer between the jet parton and
the medium increases the virtuality scale of the mother,
as well as the accumulated k⊥ of the emitted gluon.
Its formation time will also be updated accordingly.
If this scattering is still within the updated formation
time, it is accepted, otherwise rejected. In the end,
when there is no more scattering with the medium, this
medium-modified gluon emission will be accepted with
the probability 1/Nscat, where Nscat is the number of
scatterings within the formation time. Note that this
1/Nscat probability is based on the assumption of the
“totally coherent limit” [72]. How to implement the
LPM effect between incoherent and totally coherent
limits is still challenging. Apart from modifying exist-
ing vacuum-like splittings, these parton-medium inter-
actions can also raise the scales and trigger additional
splittings for those partons that otherwise cannot split
in vacuum when their scales drop below Q2min.
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In Jewel, thermal partons inside the QGP can
be scattered out of the medium by jets. They are
then referred to as “recoil” partons. In principle,
these recoil partons can continue interacting with the
medium in the same way as jet partons. However, these
rescatterings are not implemented in Jewel as the
default setting yet. To ensure the energy-momentum
conservation of the entire jet-medium system, the
distributions of the thermal partons before being
scattered also need to be recorded and subtracted from
the final state parton spectra. So far, most calculations
using Jewel apply a simplified hydrodynamic model
that only describes the boost-invariant longitudinal
expansion [93] of an ideal QGP. In principle, more
sophisticated medium can also be applied as long as
they provide the phase space density of scattering
centers to Jewel.
3.3. Parton transport
As the virtuality scale of jet partons approaches the
scale of parton-medium interactions, the virtuality-
ordered parton shower model will no longer be
applicable. Instead, transport models become a better
choice to describe jet-medium scatterings in this region
of the phase space.
A linear Boltzmann transport (Lbt) model is
developed to describe jet parton scatterings through
a thermal medium [94–99], in which the phase space
distribution of a jet parton a with pµa = (Ea, ~pa) evolves
according to the Boltzmann equation,
pa · ∂fa(xa, pa) = Ea(Cela + Cinela ). (53)
On the right-hand side of the above equation, Cela and
Cinela are the collision integrals for elastic and inelastic
scatterings, respectively.
For the elastic scattering (ab ↔ cd) process, the
collision integral reads
Cela =
∑
b,(cd)
∫ ∏
i=b,c,d
d[pi]
2Ea
(2pi)4δ4(pa + pb − pc − pd)
×
(
γcγd
γa
fcfd |Mcd→ab|2 − γbfafb |Mab→cd|2
)
× S2(sˆ, tˆ, uˆ), (54)
with a gain term subtracted by a loss term of fa in
the second line. Here,
∑
b,(cd) sums over the flavors of
parton b, and different scattering channels with final
parton flavors c and d, d[pi] ≡ d3pi/[2Ei(2pi)3], γi
is the spin-color degeneracy (6 for a quark and 16
for a gluon), and fi is the phase space distribution
of each parton with a given spin and color. For
thermal partons inside the QGP (i = b, d), fi =
1/(eEi/T ± 1) with T being the local temperature of
the fluid cell; for a jet parton (i = a, c) at (~x, ~p),
fi = (2pi)
3δ3(~pi − ~p)δ3(~xi − ~x) is taken. Note that
in the gain term, only the production of a from
the jet-medium parton scattering between c and d is
considered, while that from the thermal-thermal or
jet-jet scattering is neglected. The scattering matrix
|Mab→cd|2 (see Ref. [100] for massless partons and
Ref. [101] for heavy quarks) has been summed over
the spin-color degrees of freedom of the final state (cd)
and averaged over the initial state (ab), and similarly
for |Mcd→ab|2. A double step function S2(sˆ, tˆ, uˆ) =
θ(sˆ ≥ 2µ2D)θ(−sˆ + µ2D ≤ tˆ ≤ −µ2D) is introduced [102]
to regulate the collinear divergence in the leading-
order (LO) elastic scattering matrices implemented in
Lbt, where sˆ, tˆ and uˆ are Mandelstam variables, and
µ2D = g
2T 2(Nc +Nf/2)/3 is the Debye screening mass
inside the QGP. An alternative method to regulate
the divergence is to replace tˆ by (tˆ − µ2D) in the
denominators of |Mab→cd|2 (same for uˆ). Quantum
statistics of the final states of ab ↔ cd scatterings are
neglected in Eq. (54).
Since the detailed balance requires γcγd |Mcd→ab|2 =
γaγb |Mab→cd|2, Eq. (54) can be simplified as
Cela =
∑
b,(cd)
∫ ∏
i=b,c,d
d[pi]
γb
2Ea
(fcfd − fafb)S2(sˆ, tˆ, uˆ)
× (2pi)4δ4(pa + pb − pc − pd) |Mab→cd|2 . (55)
Examining Eq. (53) and the loss term in Eq. (55), one
obtains the following elastic scattering rate (number of
scatterings per unit time) for parton a,
Γela (~pa, T ) =
∑
b,(cd)
γb
2Ea
∫ ∏
i=b,c,d
d[pi]fbS2(sˆ, tˆ, uˆ)
× (2pi)4δ(4)(pa + pb − pc − pd)|Mab→cd|2. (56)
With the assumption of zero mass for thermal partons
b and d, this can be further simplified as
Γela (~pa,T ) =
∑
b,(cd)
γb
16Ea(2pi)4
∫
dEbdθbdθddφd
× fb(Eb, T )S2(sˆ, tˆ, uˆ)|Mab→cd|2
× EbEd sin θb sin θd
Ea − |~pa| cos θd + Eb − Eb cos θbd , (57)
where
cos θbd = sin θb sin θd cosφd + cos θb cos θd, (58)
Ed =
EaEb − paEb cos θb
Ea − pa cos θd + Eb − Eb cos θbd . (59)
Here, we let parton a move in the +z direction, and
b in the x − z plane with θb as its polar angle. The
outgoing momentum of d has θd and φd as its polar
and azimuthal angles, and θbd is the angle between
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b and d. Within a time interval ∆t, the average
number of elastic scatterings is then Γela∆t. One may
allow multiple scatterings between the jet parton and
the medium by assuming the number of independent
scatterings n to obey the Poisson distribution,
P (n) =
(Γela∆t)
n
n!
e−(Γ
el
a ∆t). (60)
Thus, the probability of scattering is P ela = 1 −
exp(−Γela∆t), or just Γela∆t if it is much smaller than
1.
One may extend Eq. (57) to the average of a
general quantity X per unit time:
〈〈X(~pa, T )〉〉 =
∑
b,(cd)
γb
16Ea(2pi)4
∫
dEbdθbdθddφd
×X(~pa, T )fb(Eb, T )S2(sˆ, tˆ, uˆ)|Mab→cd|2
× EbEd sin θb sin θd
Ea − |~pa| cos θd + Eb − Eb cos θbd . (61)
Therefore, we have Γela = 〈〈1〉〉 and
qˆa = 〈〈[~pc − (~pc · pˆa)pˆa]2〉〉, (62)
eˆa = 〈〈Ea − Ec〉〉, (63)
where qˆa and eˆa denote the transverse momentum
broadening square and elastic energy loss of the jet
parton a, respectively, per unit time due to elastic
scattering. For high energy jet partons with the small-
angle-scattering approximation, one may obtain [103,
104]:
Γela = C2(a)
42ζ(3)
pi
α2sT
3
µ2D
, (64)
qˆa = C2(a)
42ζ(3)
pi
α2sT
3 ln
(
CqˆEaT
4µ2D
)
, (65)
eˆa = C2(a)
3pi
2
α2sT
2 ln
(
CeˆEaT
4µ2D
)
, (66)
where C2(a) is the quadratic Casimir color factor of
parton a, Cqˆ and Ceˆ are constants depending on
kinematic cuts adopted in the calculations. With
the implementations discussed above, comparisons
between numerical evaluations and these analytical
formulae suggest Cqˆ ≈ 5.7 and Ceˆ ≈ 2.6 [104].
Apart from elastic scattering, the inelastic process,
or medium-induced gluon radiation, is included in the
Lbt model by relating the inelastic scattering rate to
the average number of emitted gluons from parton a
per unit time, and is evaluated as [95,105,106]
Γinela (Ea, T, t) =
1
1 + δag
∫
dzdk2⊥
dNag
dzdk2⊥dt
, (67)
in which the Kronecker delta function δag is imposed
to avoid double counting in the g → gg process,
and the medium-induced gluon spectrum in the fluid
comoving frame is taken from the high-twist energy
loss calculation [37,59,107],
dNag
dzdk2⊥dt
=
2CAαsP
vac
a (z)k
4
⊥
piC2(a)(k2⊥ + x2m2a)4
qˆa sin
2
(
t− ti
2τf
)
,
(68)
where z and k⊥ are the fractional energy and transverse
momentum of the emitted gluon with respect to its
parent parton a, P vaca (z) is the vacuum splitting
function of a (note again it contains the color factor
C2(a) by our convention here), qˆa is the parton
transport coefficient taken from the elastic scattering
process Eq. (62), ti represents the production time of
parton a, and τf = 2Eaz(1− z)/(k2⊥ + z2m2a) is the
formation time of the emitted gluon with ma being
the mass of parton a. In the current Lbt model, zero
mass is taken for light flavor quarks and gluon, 1.3 GeV
is taken for charm quark mass and 4.2 GeV for beauty
quark mass. The lower and upper limits of z are taken
as zmin = µD/Ea and zmax = 1 − µD/Ea respectively.
Note that the medium-induced spectrum Eq. (68)
here is consistent with the medium-induced splitting
function used in the Matter model in Eqs. (34) and
(43).
Multiple gluon emissions within each time interval
∆t are allowed in the Lbt model. Similar to the elastic
scattering process, the number of emitted gluons obeys
a Poisson distribution with a mean value of Γinela ∆t.
Thus, the probability of inelastic scattering is P inela =
1 − exp(−Γinela ∆t). Note that both multiple elastic
scatterings and multiple emitted gluons are assumed
incoherent, possible interferences between each other
have not been taken into account in Lbt yet.
To combine elastic and inelastic scattering pro-
cesses, the total scattering probability is divided into
two parts: pure elastic scattering without gluon emis-
sion P ela (1 − P inela ) and inelastic scattering P inela . The
total probability is then P tota = P
el
a + P
inel
a − P ela P inela .
Based on these probabilities, the Monte Carlo method
is applied to determine whether a given jet parton a
with momentum ~pa scatters with the thermal medium
with local temperature T , and whether the scattering
is pure elastic or inelastic. With a selected scattering
channel, as well as the number of elastic scatterings or
emitted gluons given by the Poisson distribution, the
energies and momenta of the outgoing partons are sam-
pled using the corresponding differential spectra given
by either Eq. (57) or Eq. (68). In the Lbt model,
the emitted gluons are induced by scatterings between
jet partons and the thermal medium. Therefore, for
an inelastic scattering process, a 2 → 2 scattering is
generated first, after which the four-momenta of the
two outgoing partons are adjusted together with the n
emitted gluons so that the energy-momentum conser-
vation of the 2→ 2 + n process is respected.
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For realistic heavy-ion collisions, the initial
momenta of jet partons are either sampled using
spectra from pQCD calculations for initial hard
collisions or generated with a pQCD Monte Carlo
generator such as Pythia or other programs for
vacuum showers. Their initial positions are either
sampled with the Monte-Carlo Glauber models or
taken from the Ampt [108] simulations for the early
time evolution. Different hydrodynamic models,
(2+1)-D viscous Vishnew [82–84] and (3+1)-D
viscous Clvisc [109, 110] with Monte-Carlo Glauber
or Ampt initial conditions, are used to generate
the spacetime evolution profiles of the QGP. At the
beginning of a given time step, each jet parton is
boosted into the rest frame of its local fluid cell, in
which its scattering with the medium is simulated
using the linear Boltzmann equation. The outgoing
partons after scatterings are then boosted back to the
global center-of-mass frame of collisions, in which they
propagate to the next time step. On the freeze-out
hypersurface of the QGP (Tc = 165 MeV), jet partons
are converted into hadrons using either the Pythia
simulation or the recombination model [111].
In the Lbt model, all partons in jet showers
are fully tracked, including energetic jet partons and
their emitted gluons, as well as “recoil” partons which
are thermal medium partons in the final state of the
elastic scattering. All these partons are treated on the
same footing and are allowed to re-scatter with the
medium. When a recoil parton is generated, it leaves
a hole behind in the phase-space inside the medium.
These holes are labeled as “negative” partons in Lbt,
denoting the back-reaction of the QGP response to
jet propagation. Their energy-momentum will be
subtracted from the final-state jet spectra to ensure
the energy-momentum conservation of the jet-medium
system. A more rigorous treatment of this back-
reaction, as well as the subsequent evolution of those
soft partons (at or below the thermal scale of the
medium) produced in jet-medium scatterings, will be
discussed in Sec. 4.4 using the CoLbt-Hydro model.
Another example of jet transport model is
Martini [112,113], which implements the AMY energy
loss formalism for the radiative energy loss rates [36,
114] combined with elastic scattering processes [115].
The medium-induced parton splitting processes are
realized by solving a set of coupled rate equations
for the time evolution of the energy distribution of
quark/gluon jet partons fq/g(p):
dfq(p)
dt
=
∫
k
fq(p+ k)
dΓqqg(p+ k, k)
dkdt
(69)
−fq(p)
dΓqqg(p, k)
dkdt
+ 2fg(p+ k)
dΓgqq¯(p+ k, k)
dkdt
,
dfg(p)
dt
=
∫
k
fq(p+ k)
dΓqqg(p+ k, p)
dkdt
+fg(p+ k)
dΓggg(p+ k, p)
dkdt
(70)
−fg(p)
[
dΓgqq¯(p, k)
dkdt
+
dΓggg(p, k)
dkdt
θ(2k − p)
]
.
Here, dΓabc(p, k)/dkdt is the transition rate taken from
the AMY formalism for parton a (with energy p) to
split into parton b (with energy p − k) and parton
c (with energy k). The factor of 2 in front of the
g → qq¯ rate takes into account the fact that q and q¯
are distinguishable; and the θ function after the g → gg
rate is introduced to avoid double counting of its final
state. The integration range with k < 0 corresponds to
energy gain of jet partons from the thermal medium;
and the range with k > p for the q → qg process
corresponds to the quark annihilating with an anti-
quark with energy k − p from the medium into the
gluon.
The AMY formalism describes the energy loss of
hard jets as partons split in a thermal medium. The
radiation rates are calculated by means of integral
equations [36] with the assumptions that quarks and
gluons in the medium are well defined (hard) quasi-
particles with momenta much larger than the medium
temperature T and thermal masses of the order
of gT [114]. In the current Martini model, the
radiative energy loss mechanism has been improved by
implementing the effects of finite formation time [42,
113] and running coupling [116]. The formation time of
the radiation process is set as ∼ p/p2T within which the
hard parton and the emitted parton are considered as
a coherent state. This effectively reduces the radiation
rate at early times after the hard parton is produced.
The coupling constant αs(µ
2) runs with the scale of
the average momentum transfer square between the jet
parton and the medium
µ2 = 〈p2⊥〉 ∼
√
qˆp, (71)
where qˆ is the jet transport parameter for the
average momentum transfer square per mean-free
path. The daughter partons are strictly collinear
with their mother at the splitting vertex; additional
transverse momentum broadening is introduced by
elastic scattering processes.
For realistic simulations of jet propagation in
heavy-ion collisions within the Martini model, the
medium background is provided by the (3+1)-D
viscous hydrodynamic model Music with IP-Glasma
initial condition [117, 118]. Jet partons are initialized
with Pythia vacuum showers. After their evolution
through Martini, they are fed back to Pythia for
hadronization.
A recoil parton can be generated within Martini
if its momentum – sum of its original thermal
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momentum and the momentum transfer from the
scattering – is larger than certain kinematic scale (e.g.
4T ). These recoil partons continue scattering with the
medium in the same way as high-energy jet partons.
The soft recoil partons below the 4T threshold, as well
as back-reaction to medium due to the generation of
recoil partons, are expected to be deposited into the
subsequent QGP evolution in the future work, thus
have not been included in the Martini model.
In both Lbt and Martini, while jet parton
evolution is described using the linear Boltzmann
equation or rate equation, the QGP medium evolution
is described using hydrodynamic models. In literature,
an alternative approach is applying a full Boltzmann
simulation for both jet partons and medium partons,
although it is still under debate whether the strongly
coupled QGP can be modeled with quasi-particles
within the perturbative framework. One example
is the Ampt model [108, 119–124]. In Ampt, the
initial spatial and momentum information of high-pT
jets, mini-jets and soft string excitations are taken
from Hijing simulations [125, 126], which are further
converted into individual quarks via the string melting
model [108]. These quarks, including both jet partons
and medium partons, then scatter with each other
through elastic collisions whose interaction strength is
controlled by a set of partonic cross sections σ that
are treated as model parameters. Note that gluon
components and inelastic scatterings have not been
included in the current Ampt model. At the end
of partonic collisions, a simple coalescence model is
applied to convert two/three nearest quarks in space
into mesons/baryons. These hadrons can further
scatter with each other within the Art model [127].
Another example of full Boltzmann transport is
the Bamps model [128–132], in which both elastic
and inelastic scatterings between partons during the
QGP phase are simulated with the leading-order
perturbative QCD cross sections. For inelastic
scatterings, the Gunion-Bertsch approximation is
adopted [133, 134], and the LPM effect is modeled
with a theta function θ(λ− τXLPM) that requires the
mean-free path of the parent parton λ is larger than
the formation time of the emitted gluon τ scaled with
an XLPM parameter between 0 and 1. In Bamps,
initial partons, including both jet partons and medium
partons, are generated by Pythia. At the partonic
freeze-out energy density ( = 0.6 GeV/fm3), jet
partons are converted into hadrons using the Albino-
Kniehl-Kramer (AKK) fragmentation functions [135].
3.4. Multi-scale jet evolution
Interactions between jets and the QGP differ at various
scales. Thus, it is incomplete to apply a single
formalism through the entire spacetime history of jet
evolution. A first attempt to combine different and
complementary theoretical approaches into a multi-
scale jet evolution model was implemented in the
Jetscape framework [86,136–138], in which medium-
modified splittings of jet partons are described using
the Matter model at high virtualities as discussed
in Sec. 3.2, while their subsequent transport via jet-
medium interaction at low virtualities are described
using either the Lbt model or the Martini model as
discussed in Sec. 3.3.
One crucial quantity in this combined approach
is the separation scale Q20 between the DGLAP-
type parton showers and the in-medium transport.
In Ref. [136], two different schemes, fixed Q20 and
dynamical Q20, are investigated within a static medium.
For the former, Matter is used to simulate parton
splittings when the virtualities are above a fixed value
of Q20 (1, 4 or 9 GeV
2) while either Lbt or Martini
is used to simulate the parton scatterings with the
medium when the virtualities are below that separation
scale. For the latter, Q20 = qˆτf is defined for each
parton, in the sense that the virtuality-ordered parton
showers should switch to transport when the parton
virtuality scale is comparable to the virtuality gain
(or transverse momentum broadening square) from
scatterings with the medium. With τf = 2E/Q
2
0, one
can obtain Q20 =
√
2Eqˆ, in which qˆ can be taken from
Eq. (65) within the picture of perturbative scatterings
of jet partons inside a thermal medium. Note that
Q20 is only applied when it is larger than Q
2
min (taken
as 1 GeV2 in most models) above which the DGLAP
evolution is reliable. If not, Q2min is used as the lower
boundary for the Matter model. In addition, to
calculate the nuclear modification of jets in realistic
heavy-ion collisions, if the virtuality scale of a given
parton is still larger than Q2min when it exits the
QGP, this parton should then continue splitting within
Matter with only the vacuum splitting function until
all its daughter partons reach Q2min. This guarantees a
meaningful comparison to the baseline spectra in p+p
collisions, which is obtained with vacuum showers in
Matter directly down to Q2min for each parton.
Within the Jetscape framework, it is found
that energetic partons spend finite times within both
the DGLAP-splitting stage and the transport stage.
The switching time is delayed as the parton energy
increases or the switching scaleQ20 decreases. Thus, the
Matter model dominates the medium modification
of parton spectra at high pT, while Lbt/Martini
dominates at low pT. A larger value of Q
2
0 typically
weakens the medium modification from the Matter
stage, thus enhances the relative contribution from
the subsequent Lbt/Martini stage. Increasing the
medium size also extends the in-medium path length
of partons after they reach Q20, thus raises the
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contribution from Lbt/Martini. To date, there is
no theoretical determination of the exact value of the
switching scale Q20 between different implementations
of jet energy loss theory. This is treated as a parameter
in this multi-scale jet evolution model when comparing
with experimental data [137,138]. A similar multi-scale
approach has also been applied to investigating heavy
quark energy loss [139] where the medium-modified
parton fragmentation functions at low virtualities
(heavy meson mass scales) are first extracted from
an in-medium transport model and then evolved up
to high virtualities (heavy meson pT scales) using the
medium-modified DGLAP equation.
4. Medium response to jet propagation
4.1. Hydrodynamic evolution of bulk medium
Numerical calculations of jet quenching, and in
particular the simulation of jet transport, require the
space-time profile of the bulk medium evolution in
high-energy nuclear collisions. Along the propagation
path, one needs the information on the local
temperature (or thermal parton density) and fluid
velocity in order to evaluate the scattering rate and
gluon radiation spectra. Many hydrodynamic models
have been developed for this purpose [82, 84, 87, 109,
110, 117, 140–144]. Here we briefly review the CLVisc
hydrodynamic model [109, 110] which is used for jet
transport simulations within the Lbt model discussed
in this review.
The second-order hydrodynamic equations for the
evolution of QGP with zero baryon density are given
by
∂µT
µν = 0, (72)
with the energy-momentum tensor
Tµν = εuµuν − (P + Π)∆µν + piµν , (73)
where ε is the energy density, P the pressure, uµ the
fluid four-velocity, piµν the shear stress tensor, Π the
bulk pressure and ∆µν = gµν − uµuν the projection
operator which is orthogonal to the fluid velocity. In
the Landau frame, the shear stress tensor is traceless
(piµµ = 0) and transverse (uµpi
µν = 0). In the Milne
coordinates, τ =
√
t2 − z2 is the proper time and
ηs = (1/2) ln[(t+ z)/(t− z)] the space-time rapidity.
The CLVisc hydrodynamic model uses the
Kurganov-Tadmor algorithm [145] to solve the hy-
drodynamic equation for the bulk medium and the
Cooper-Frye particlization for hadron freeze-out with
GPU parallelization using the Open Computing Lan-
guage (OpenCL). With GPU parallelization and Single
Instruction Multiple Data (SIMD) vector operations
on modern CPUs, CLVisc achieves the best comput-
ing performance so far for event-by-event (3+1)D hy-
Figure 5. (Color online) The transverse distributions of mini-
jets in a typical Ampt event of Pb+Pb collisions with different
centralities at
√
s = 5.02 TeV. The figure is from Ref. [147]
drodynamic simulations on heterogeneous computing
devices.
The initial energy-momentum density distribu-
tions for the event-by-event CLVisc hydrodynamic
simulations are obtained from partons given by the
Ampt model [108] with a Gaussian smearing,
Tµν(τ0, x, y, ηs) = K
∑
i
pµi p
ν
i
pτi
1
τ0
√
2piσ2ηs
1
2piσ2r
× exp
[
− (~x⊥ − ~x⊥i)
2
2σ2r
− (ηs − ηis)
2
2σ2ηs
]
, (74)
where pτi = miT cosh(Yi − ηis), ~p⊥i = ~pi⊥, pηi =
miT sinh(Yi − ηis)/τ0, miT =
√
p2i⊥ +m
2
i and the
summation runs over all partons (i) produced from the
Ampt model simulations. The scale factor K and the
initial time τ0 are two parameters that are adjusted
to fit the experimental data on the central rapidity
density of produced hadrons. A parametrized equation
of state (EoS) s95p-v1 [146] is used in CLVisc.
The Ampt model employs the Hijing model [125,
126] to generate initial bulk partons as well as jets
according to the Glauber model of nuclear collisions
with the Woods-Saxon nuclear distribution. Bulk
parton transport is simulated in Ampt for the whole
evolution history in the Cartesian coordinates. Partons
at the fixed initial time τ0 in the Milne coordinates are
used to evaluate the initial condition for the CLVisc
hydrodynamic evolution according to Eq. (74). The
centrality classes of heavy-ion collisions are defined
according to the initial parton multiplicity distribution,
and the average number of participant nucleons 〈Npart〉
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in each centrality class is computed accordingly.
In the event-by-event simulation of jet transport
through the CLVisc hydrodynamic background, a
fixed number of CLVisc hydrodynamic events (e.g.
200) is used for each centrality bin of heavy-ion
collisions. For each of these hydrodynamic events,
a large number of triggered jets (e.g. 10000)
in each bin of transverse momentum and rapidity
are simulated, whose initial transverse positions are
sampled according to the transverse distribution of
mini-jets in the same Ampt event that provides
the initial condition for the bulk medium evolution
in CLVisc. Shown in Fig. 5 are the transverse
distributions of mini-jets in a typical Ampt event of
Pb+Pb collisions at
√
s = 5.02 TeV (per nucleon pair)
for different centralities.
4.2. Medium response in parton transport
Jet-medium interactions lead not only to medium
modification of jets, but also medium response to
the energy-momentum deposition from jets. One
way to propagate the lost energy and momentum
of jets through the medium is via recoil partons.
Recoil partons are the final-state partons that are
scattered out of their initial phase-space in the thermal
background medium by jets. They are fully tracked
and allowed to rescatter with the thermal medium
in the same way as jet partons do within the Lbt
model [94, 98, 99, 104]. When these recoil partons are
produced, they leave “holes” in the phase-space of the
thermal medium. These “holes” that carry the energy-
momentum of the initial-state thermal partons of the
scattering are labeled as back-reaction or “negative”
partons, and are propagated inside Lbt as well.
Shown in Fig. 6 are the energy density distri-
butions of the medium response from the LBT sim-
ulation [104] of a propagating gluon along the +z-
direction, starting at z = 0 and transverse position
r = 0 with an initial energy E0 = 100 GeV, after
4 fm/c (upper panel) and 8 fm/c (lower panel) of prop-
agation time in a uniform QGP medium at a constant
temperature T = 400 MeV, averaged over many events.
One can clearly see the formation and propagation of a
Mach-cone-like shock wave induced by parton-medium
interactions. The shock wave is rapidly diffused dur-
ing its propagation because of the dissipation due to
the large value of shear viscosity as a result of pQCD
parton-parton collisions as implemented in the LBT
model. One can also see the depletion of the energy
density behind the propagating parton as a diffusion
wake induced by the jet-medium interaction. In re-
alistic calculations, both jet partons and recoil par-
tons are utilized to reconstruct jets, with the energy-
momentum of “negative” partons subtracted. This en-
sures the energy-momentum conservation of the entire
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Figure 6. (Color online) The energy density distribution of the
jet-induced medium response by a gluon with an initial energy
E0 = 100 GeV after (a) 4 and (b) 8 fm of propagation time in a
uniform QGP medium at a constant temperature T = 400 MeV.
The gluon propagates along the +z-direction from z = 0 and
transverse position r = 0. The figures are from Ref. [104].
jet-medium system.
As discussed in the previous section, this
treatment of recoil partons in the jet-induced medium
excitation has also been applied in Martini [112,113]
and Jewel [72–74]. In Martini, only recoil partons
above certain kinematic threshold (e.g. 4T ) are kept
in simulations and are allowed to rescatter with the
medium. Recoil partons below the threshold, as
well as the back-reaction or “negative” partons, are
regarded as part of the medium evolution and have
not been included in Martini yet. In Jewel, both
recoil and “negative” partons are included. However,
rescatterings of recoil partons with the medium are not
implemented yet.
A similar method, though not exactly through
recoil particles, has been applied in the Hybrid
model [76] to take into account the jet-induced medium
response. The energy-momentum loss from each jet
parton ∆pµ = (∆E,∆~p) is assumed to instantaneously
thermalize with the medium background and is directly
converted to hadrons using the Cooper-Frye formula.
The additional particle production d∆N/d3p due to
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this energy-momentum deposition is positive along the
direction of jet propagation, while can be negative in
the opposite direction. Similar to Lbt and Jewel,
the latter part is treated as “negative” particles or
back-reaction, representing the diffusion wake behind
the jet propagation. To ensure energy-momentum
conservation of each jet event, an independent list
of hadrons are first sampled using the Cooper-Frye
formula until their total energy reaches the lost energy
∆E of the jet parton. Then the four-momentum
of each hadron is re-assigned based on the Cooper-
Frye formula again, if this re-assignment improves
the the four-momentum conservation according to the
Metropolis algorithm, until the total four-momentum
of the hadron ensemble is sufficiently close to that lost
by the jet parton (∆pµ).
Among these different implementations of recoil
and back-reaction, Jewel represents the limit where
recoil partons do not rescatter with the medium,
while Hybrid represents the opposite limit of sudden
thermalization and hadronization of the energy-
momentum transfer from jet to medium. In between,
Lbt assumes perturbative rescatterings of these recoil
partons through the thermal medium before they are
converted into hadrons at the QGP boundary. A
further improved treatment of the energy-momentum
deposition from jet into medium is to evolve this
deposition within the hydrodynamic model before
hadronization, as will be discussed below.
4.3. Hydrodynamic response
One can assume the deposited energy and momentum
from jets becomes locally thermalized and evolve
hydrodynamically together with the background QGP
medium. In this scenario, the medium response to jet
propagation is described via solving the hydrodynamic
equation with a source term,
∂µT
µν(x) = Jν(x). (75)
where the source term Jν(x) = [dE/d4x, d~p/d4x]
represents the space-time profile of the energy-
momentum deposition from jets into the medium.
Analytical solutions to Eq. (75) exist under the
assumption that the energy-momentum deposition
from jets is a small perturbation on top of the
medium evolution so that the medium response can
be linearized as [148–150]
Tµν ≈ Tµν0 + δTµν ; ∂µTµν0 = 0, ∂µδTµν = Jν . (76)
Here Tµν0 is the energy-momentum tensor of the
unperturbed medium, and δTµν from the jet-induced
medium excitation can be further decomposed as
δT 00 ≡ δ, δT 0i ≡ gi,
δT ij = δijc2sδ+
3
4
Γs(∂
igj + ∂jgi +
2
3
δij∇ · ~g),
(77)
where δ is the excess energy density, ~g is the
momentum current, cs denotes the speed of sound,
Γs ≡ 4η/[3(0 + p0)] is the sound attenuation
length with 0 and p0 being the unperturbed local
energy density and pressure, respectively. Note
that in Eq. (77), the metric convention gµν =
diag (1,−1,−1,−1) is used as in Ref. [83], and δij =
diag (1, 1, 1) is the Kronecker delta-function.
With Fourier transformation, one may rewrite the
last part of Eq. (76) in the momentum space as
J0 = −iωδ+ i~k · ~g,
~J = −iω~g + i~kc2sδ+
3
4
Γs
[
k2~g +
~k
3
(~k · ~g)
]
,
(78)
which yields
δ(~k, ω) =
(iω − Γsk2)J0(~k, ω) + ikJL(~k, ω)
ω2 − c2sk2 + iΓsωk2
, (79)
~gL(~k, ω) =
ic2s
~kJ0(~k, ω) + iωkˆJL(~k, ω)
ω2 − c2sk2 + iΓsωk2
, (80)
~gT (~k, ω) =
i ~JT (~k, ω)
ω + 34 iΓsk
2
. (81)
Here both the source term and the perturbed
momentum current are divided into transverse and
longitudinal components in the momentum space:
~J = kˆJL + ~JT and ~g = ~gL + ~gT . Therefore, with
the knowledge of the source term, one may obtain
the variation of the energy-momentum tensor of the
medium after Fourier transforming Eqs. (79)-(81) back
to the coordinate space.
Many studies have been implemented using this
linear response approach. For instance, the Mach
cone structure of the perturbed medium induced by jet
propagation has been proposed in Refs. [148–151], as
demonstrated in Fig. 7, where the intensity of the Mach
cone is found weaker with growing kinematic viscosity.
If observed in heavy-ion collisions, these Mach cone
structures may provide more direct constraints on the
QGP properties, such as the shear viscosity and the
speed of sound. However, the strong collective motion
of the dynamically evolving QGP with realistic initial
geometry may destroy the Mach cone pattern [152,
153], and no sensitive experimental observables have
been found so far. Using the linear response theory,
different structures of jet-induced excitations inside
weakly coupled and strongly coupled QGP are also
compared in Ref. [154]. The relation between hard (qˆ),
soft (η/s) transport parameters and jet energy loss are
also investigated in Ref. [155].
In earlier studies, a simplified model for construct-
ing the source term was usually applied, where the
energy-momentum deposition was assumed to come
from a single parton. However, jets are collimated
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Z_
Figure 7. (Color online) The perturbed energy density for
different values of the shear-viscosity-to-entropy-density ratio
η/s when an energetic gluon propagates along the +z direction
through a static QGP medium with temperature T = 350 MeV
and sound velocity cs = 1/3. The figures are from Ref. [150].
showers of partons that may transfer energy into the
medium via a combination of elastic and inelastic pro-
cesses of all constituent partons. Such more realistic
modelings of the source term have been proposed in
Refs. [156,157]. As shown in Fig. 8, a significantly en-
hanced conical pattern of the hydrodynamical response
can be observed when depositing energy with realistic
jet parton showers as compared to using energy loss
from a single parton. Moreover, quantum interference
effects between the primary parton and the radiated
gluons within jet showers have been investigated in
Ref. [158] and shown to enhance the energy transfer
from jet showers to the QGP and destroy the Mach
cone structure of medium response when the gluon
emission angle is large.
When the local energy density deposition from
jets is comparable to that of the unperturbed medium,
linearized hydrodynamic equations [Eq. (76)] are no
longer valid. Without these approximations, full
solutions to hydrodynamic equations with source terms
[Eq. (75)] were provided in Ref. [159] using a (1+1)-
D hydrodynamic model, Ref. [160] using a (2+1)-
D hydrodynamic model, and Refs. [161–163] using
full (3+1)-D hydrodynamic models. Within such an
improved framework, it is found in Ref. [162] that
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Figure 8. (Color online) The linear hydrodynamical response to
energy deposition from a single quark (top) vs. a quark-initiated
jet shower (bottom). The figures are from Ref. [156].
while the jet-induced Mach cone is easily distorted
in the transverse plane, its pattern remains in the
longitudinal direction in the reaction plane due to the
expanding (τ, η) coordinates. To obtain the net effects
of jet-induced medium excitation, one can subtract the
energy density profile from hydrodynamic calculations
without the presence of the source term from that
with the source, as discussed in Ref. [164]. Figure 9
shows a snapshot of the QGP evolution that is being
disturbed by a single propagating jet before (top) and
after (bottom) subtraction of the background medium
without energy deposition from jets. One can clearly
see a Mach cone induced by the energy and momentum
deposition from the jet, as well as a region of energy
depletion right behind the wave front, known as the
diffusion wake. During the propagation, the wave front
is distorted by the radial flow of the medium. Since the
jet travels through an off-central path, the Mach cone is
deformed asymmetrically in this event. Unfortunately,
these typical conic structures of the jet-induced Mach
cone are still hard to identify in current experimental
measurements of the final hadron observables as we will
discuss in the next few sections.
21
Figure 9. (Color online) The energy density distribution of the
QGP in the transverse plane at mid-rapidity in 2.76 TeV central
Pb+Pb collisions, with the presence of a single jet initiated
at position (x = 0 fm, y = 6.54 fm) with momentum (pT =
150 GeV, φp = 5pi/8), before (top) and after the background
subtraction (bottom). The figures are from Ref. [164].
4.4. Coupled parton transport and hydrodynamics
The parton transport and hydrodynamic description of
jet-induced medium response, as presented in Secs. 4.2
and 4.3, can be considered as two different approaches
to modeling how the lost energy-momentum from jets
evolves inside the medium in the limit of weakly
and strongly coupled system, respectively. The real
scenario may be something in between. Furthermore,
neither of them considers how the modified medium
in turn affects the subsequent evolution of jets. This
could be important when there are multiple jets within
one event where one jet travels through the region
disturbed by another jet, or when a slowly moving
heavy quark may interact with the medium excitation
induced by itself. To take these effects into account
and bridge the parton transport and hydrodynamic
approach, one can develop a coupled approach with
concurrent evolution of jets and the QGP medium.
The coupled Lbt and hydrodynamics (CoLbt-
Hydro) model [97, 165] combines the Lbt model for
jet transport and the (3+1)-D viscous hydrodynamic
model CLVisc [109, 110] for the QGP expansion, and
realizes the first concurrent simulation of transport
of energetic partons and evolution of the thermal
medium. The real-time coupling between parton
transport and hydrodynamic evolution of the medium
is through a source term that is updated at each
time-step of the Lbt and CLVisc simulation. To
achieve this, the Boltzmann equation in Lbt is re-
written in the Milne coordinates as in the CLVisc
hydrodynamic model. At each step of the proper
time (τ, τ + ∆τ), CLVisc provides the temperature
and flow velocity information of the local fluid cell for
the simulations of the elastic and inelastic scatterings
of hard partons, including both jet shower and recoil
partons, with the background medium. Among the
final-state partons during this step of the proper time,
jet and recoil partons below a given energy scale
(p · u < p0cut), together with all “negative” partons in
the back-reaction, are transferred from the Lbtmodule
to CLVisc in a source term constructed as
Jν =
∑
i
θ(p0cut − pi · u)dpνi /dτ
τ(2pi)3/2σ2rσηs
× exp
[
− (~x⊥ − ~x⊥i)
2
2σ2r
− (ηs − ηsi)
2
2σ2ηs
]
.
(82)
Here, an instantaneous thermalization of low-energy
partons (p · u < p0cut) in the source term for the hy-
drodynamic evolution of the medium is assumed, and
the energy-momentum deposition from each parton is
smeared in the coordinate space with Gaussian widths
σr = 0.6 fm and σηs = 0.6. This source term enters
the CLVisc hydrodynamic evolution [Eq. (75)] for the
next step of the proper time. Iteration of this algorithm
provides a simultaneous evolution of jets, medium and
their interactions. As discussed in Sec. 4.1, in order to
break the bottleneck of the computing speed for con-
current simulation of parton transport and hydrody-
namic evolution, CoLbt-Hydro parallelizes the hy-
drodynamic calculations on GPUs, including both the
Kurganov-Tadmor algorithm for the space-time evolu-
tion of the QGP and the Cooper-Frye particlization,
using the Open Computing Language (OpenCL). Ben-
efiting from the large number of computing elements
on GPUs and the Single Instruction Multiple Data
(SIMD) vector operations on modern CPUs, CLVisc
brings the fastest (3+1)D hydrodynamics calculations
so far and makes event-by-event CoLbt-Hydro sim-
ulations possible.
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Figure 10. (Color online) The energy density profiles of the
QGP and the γ-jet evolution in the transverse plane at ηs = 0,
τ = 2.0 (a, b) and 4.8 fm/c (c, d) in 0-12% Au+Au collisions
at
√
s = 200 GeV without (left) and with (right) background
subtraction. Straight and wavy lines represent partons’ and γ’s
momenta respectively. The figure is from Ref. [97].
Figure 10 shows two snapshots, one at τ = 2.0
(upper) and the other at τ = 4.8 fm (lower), of a
γ-triggered jet event in central Au+Au collisions at√
s = 200 GeV from CoLbt-Hydro simulations. The
γ-jet is produced at the center of the collision and the
photon propagates along the +y direction, as indicated
by the wavy lines. The left column displays the energy
density profiles of the whole collision event, while
the right shows the energy density after subtracting
the background from the same hydrodynamic event
without the presence of the γ-jet. In Fig. 10, one can
clearly observe both the medium modification on jet
partons, including their splittings and energy loss as
shown by the straight lines, as well as the jet-induced
modification on the medium in the form of the Mach-
cone-like wave fronts of energy deposition, followed by
the energy depletion of the diffusion wake behind.
As discussed in Sec. 3.3, full Boltzmann transport
models have been used to simulate the QGP evolution
and propagation of energetic partons through the
medium despite the controversy over whether one may
use the pQCD-driven transport to describe the strongly
coupled QGP matter. Nevertheless, they provide an
alternative method that naturally simulates jet and
medium evolution concurrently. For instance, by
using the Ampt model, Ref. [166] investigates how
to isolate the effects of jet-induced Mach cone and
expanding hot spots on the di-hadron vs. γ-hadron
correlation; Ref. [124] studies how the lost energy
from di-jets is redistributed in the lower pT hadrons.
Similar to Fig. 7, the viscous effects on the Mach
cone structures have been studied within the Bamps
model [153, 167], where effects of different energy loss
rates have also been discussed. Moreover, while most
studies to date assume instantaneous thermalization
of the energy-momentum deposition from jets to the
QGP, the detailed thermalization process has been
explored within a Boltzmann-based parton cascade
model in Ref. [168].
5. Hadron spectra
5.1. Single inclusive hadrons
Nuclear modification of single inclusive hadrons is
the most direct measure of the in-medium energy
loss of energetic partons. The most frequently used
observable is the nuclear modification factor first
defined in Ref. [169] for jet quenching as,
RAA(pT, y, φ) ≡ 1〈Ncoll〉
dNAA
dpTdydφ
dNpp
dpTdydφ
, (83)
where 〈Ncoll〉 is the average number of nucleon-nucleon
collisions per nucleus-nucleus collision for a given
range of centrality, which can be evaluated using the
Glauber model. Note that while correctly evaluating
Ncoll is important to extract RAA from experimental
data, it is not necessary in theoretical calculations
where the QGP effects are usually implemented on
the p+p spectra that have been modified with cold
nuclear matter effects. The suppression or nuclear
modification factor RAA quantifies the variation of
hadron spectra in A+A vs. p+p collisions, and has
been investigated in nearly all theoretical studies on
jets [22,23,38,69,79,96,170–180].
In general, the hadron spectra produced in high-
energy nuclear collisions can be written as
dσpp(AA)→hX =
∑
abc
∫
dxa
∫
dxb
∫
dzcfa(xa)fb(xb)
× dσˆab→cDvac(med)h/c (zc), (84)
where
∑
abc sums over all possible parton flavors,
fa(xa) and fb(xb) are parton distribution functions
(PDFs) per nucleon for partons a and b from the
two colliding protons (nuclei), σˆab→c is the partonic
scattering cross section, and Dh/c(zc) is the parton-
to-hadron fragmentation function (FF). The PDFs
can be taken from CTEQ parameterizations [181] for
p+p collisions, but need to be convoluted with cold
nuclear matter effects for A+A collisions, e.g. as
implemented in the EPS parameterizations [182] for
the nuclear modification of the PDFs. The vacuum
(vac) FF is used in Eq. (84) for p+p collisions, while
the medium-modified (med) FF should be applied for
A+A collisions, as discussed in detail in Sec. 2.
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Neglecting hadron production from the hadroniza-
tion of radiated gluons and recoil partons from the
medium response, which contribute mostly to soft
hadrons, the medium-modified FF can be approxi-
mated by shifting the momentum of the fragmenting
parton [172,183],
Dmedh/c (zc) =
∫
d
P ()
1− D
vac
h/c
(
zc
1− 
)
, (85)
where  = ∆Ec/Ec is the fractional energy loss
of parton c inside the medium, and P () is the
probability distribution of the energy loss . In this
approximation, one assumes that a high-energy parton
in A+A collisions first loses energy inside the thermal
medium, and then fragments into hadrons with its
remaining fractional energy 1 −  outside the medium
(in vacuum).
In most semi-analytical calculations of the mod-
ified hadron spectra, one directly convolutes the pro-
duction cross section of energetic partons (σˆab→c) with
their medium-modified FFs as shown in Eq. (84). In
this case, one can also include contributions from
hadronization of radiated gluons by adding the gluon
FF to the right side of Eq. (85) with the average en-
ergy fraction g = /n for each of the final n number of
radiated gluons [183]. A more careful approach to the
fragmentation of the radiated gluons is to convolute the
vacuum gluon FF with the medium-induced splitting
function as discussed in Sec. 2 within the high-twist
approach [37,38].
In most Monte-Carlo frameworks, one first
generates energetic partons using σˆab→c from the
initial hard scatterings, then simulates the elastic and
inelastic energy loss of these partons through the hot
nuclear matter, and in the end converts all partons
into hadrons using vacuum FFs outside the medium.
One can include both radiated gluons and medium
recoil partons in the final hadronization in these kind
of Monte Carlo calculations.
The suppression factor RAA of single inclusive
hadrons helps to constrain the interaction strength
between jet partons and the medium. As shown in
Fig. (11), it decreases with the increase of the jet
transport parameter qˆ or the strong coupling constant
αs. With a systematical comparison between various
model calculations and experimental data at RHIC
and the LHC, the JET Collaboration has obtained the
constraint on qˆ (of quarks) as qˆ/T 3 ≈ 4.6 ± 1.2 at
RHIC (in the center of central Au+Au collisions at
200 GeV) and 3.7 ± 1.4 at the LHC (in the center of
central Pb+Pb collisions at 2.76 TeV). Details can be
found in Fig. 1 and Ref. [24].
This work of the JET Collaboration has recently
been further improved by the JETSCAPE Collabora-
tion [184] in several directions: (1) a single parameter
Figure 11. (Color online) Experimental data on the nuclear
modification factor RAA for single inclusive hadrons at RHIC
(left columns) and the LHC (right columns), compared to
different model calculations within the JET Collaboration –
(from top to bottom) CUJET-GLV, HT-BW, HT-M, McGill-
AMY and MARTINI-AMY. The figures are from Ref. [24].
(constant qˆ or αs) fit to a single data set has been
extended to a simultaneous fit in a multi-dimensional
parameter space to multiple data set at RHIC and the
LHC in order to obtain qˆ as a continuous function of
the parton energy and the medium temperature; (2)
instead of using a single energy loss formalism through
the entire evolution of jets in the medium, a multi-scale
approach (Matter+Lbt) as discussed in Sec. 3.4 has
been employed for the first time to describe the nuclear
modification of jets; (3) machine learning and Bayesian
analysis methods have been introduced to replace the
traditional χ2 fits, which significantly increase the ef-
ficiency of calibrating sophisticated model calculations
in a wide range of the parameter-space against a vast
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Figure 12. (Color online) The temperature scaled quark
transport coefficient qˆ/T 3 as a function of the medium
temperature, extracted by the JETSCAPE Collaboration using
Matter, Lbt and Matter+Lbt models as compared to
previous JET Collaboration result. The figure is from Ref. [184].
amount of data. Shown in Fig. 12 is the temperature
dependence of qˆ/T 3 obtained within this new frame-
work, with a 4-parameter (A,B,C,D) ansatz,
qˆ
T 3
= C2
42ζ(3)
pi
(
4pi
9
)2
(86)
×
{
A
[
ln
(
E
Λ
)− ln(B)][
ln
(
E
Λ
)]2 + C
[
ln
(
E
T
)− ln(D)][
ln
(
ET
Λ2
)]2
}
.
The second term in the curly bracket of the above
ansatz takes the form of Eq. (65) for qˆ’s dependence on
the jet parton energy (E) and the medium temperature
(T ). A running coupling αs(Q
2) at the leading order
is applied here with the scales set to Q2 = ET and
Λ = 0.2 GeV. Possible dependence of the constant
factors on kinematic cuts in Eq. (65) are absorbed in
the parameterD. This form of qˆ, based on perturbative
scatterings between jet partons and medium partons,
is usually applied in transport models for low virtuality
jet partons. When their virtuality is much larger than
that of the medium temperature scale, the scaled jet
transport parameter qˆ/T 3 may only depend on the jet
energy scale, giving rise to the first term of the ansatz
in the curly bracket with a parameter B. Parameters
A and C weigh the contributions from these two
terms. This 4-parameter ansatz is used in Matter
and Lbt model, respectively, to describe experimental
data. In the multi-scale Matter+Lbt model, the
separation scale Q0 between Matter and Lbt is
introduced as the 5th parameter. These setups are
applied to calibrate the model calculations against the
experimental data on RAA for single inclusive hadrons
in Au+Au collisions at 200 GeV, Pb+Pb collisions at
2.76 and 5.02 TeV simultaneously. Details can be found
in Ref. [184] where different parameterizations of qˆ are
also discussed and compared.
As shown in Fig. 12, when Matter and Lbt
are applied separately, the 90% credible regions of the
jet transport parameter qˆ extracted from model-to-
data comparisons are still consistent with the previous
JET Collaboration result [24]. In contrast, combining
Matter and Lbt leads to larger jet energy loss inside
the QGP than using a single model, and thus yields
a smaller value of the extracted qˆ. In addition, the
separation scale Q0 between high-virtuality parton
shower and low-virtuality transport model has been
found at around 2 ∼ 3 GeV, which reflects the
virtuality scale of the QGP medium produced in heavy-
ion collisions.
The hadron suppression factor RAA(pT, y) quanti-
fies the energy loss of hard partons inside the QGP av-
eraged over the azimuthal angle in the transverse plane.
A more differential observable is the elliptic flow coef-
ficient v2, which measures the energy loss anisotropy
along different paths through the QGP [185, 186]. It
is defined as the second-order Fourier coefficient of the
azimuthal angle distribution of particles in their mo-
mentum space
v2(pT, y) ≡
∫
dφ cos(2φ) dNdpTdydφ∫
dφ dNdpTdydφ
. (87)
This v2 coefficient can be analyzed for an ensemble of
particles as
v2 = 〈cos(2φ)〉 =
〈
p2x − p2y
p2x + p
2
y
〉
, (88)
where 〈. . .〉 denotes the ensemble average.
The elliptic flow coefficient is expected to
place more stringent constraints on the path length
dependence of jet energy loss. However, few models
are able to provide satisfactory descriptions of both
the hadron suppression factor RAA and the elliptic
flow coefficient v2 simultaneously as observed in
experiments. As shown in Fig. 13, while results from
model calculations are consistent with experimental
data at high pT, sizable deviation persists as pT
is around and below 20 GeV. Considerable efforts
have been devoted to solving this v2 puzzle. For
instance, it has been suggested [188] that using a more
geometrically anisotropic initial condition of QGP
fireballs and including event-by-event fluctuations of
the initial profiles can give rise to sufficiently large v2
of energetic hadrons. However, as shown in Fig. 13
(a) and (b) respectively, both effects turn out to
be small when coupling a realistic jet energy loss
model (Lbt) to a (3+1)-D viscous hydrodynamic
model (CLVisc) [187]. Other solutions, such as
additional enhancement of the jet-medium interaction
strength (αs or qˆ) near Tc [189, 190], or delaying
the starting time of jet-medium interaction [27], have
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Figure 13. (Color online) Effects of (a) different initial
conditions and (b) initial state fluctuations on the hadron v2.
The figures are from Ref. [187].
been proposed to increase the v2 of hard probes
while keeping the suppression factor RAA fixed. Both
ideas suggest that with a fixed amount of total
energy loss, weighing more jet-medium interaction
towards a later evolution time when the QGP collective
flow is more anisotropic can effectively enhance
the jet v2. However, little agreement has been
reached yet on the detailed mechanisms that shift
more energy loss to a later time. Most of the
current calculations do not take into account medium
modification of the hadronization mechanism such as
parton recombination which could influence the flavor
dependence of the hadron suppression factor and v2 at
low and intermediate pT [191–193]. Such mechanism,
however, will have less impact on the full jet spectra
which can be described well by many transport models
as we will discuss later in this review.
Recent observations of little or no suppres-
sion [194] but large v2 [195, 196] of hard probes in
small colliding (p+Pb) systems have urged us to re-
visit the parton recombination and initial state effects
on jets, because hot nuclear matter effects require a
sufficient amount of suppression to accompany a large
v2 [197,198]. To the contrary, this puzzle can be solved
within a model based on the dilute-dense factorization
in the Color Glass Condensate (CGC) framework [199].
It starts with a gluon and a quark from the projectile
proton: the quark serves as the reference while the en-
ergetic gluon fragments into the final state hadron un-
der consideration. The interaction between the incom-
ing partons and the dense gluons in the target nucleus
generates correlations between the energetic gluon and
the reference quark, leading to the finite v2 of high-
energy hadrons. So far, this framework has provided
satisfactory descriptions of the v2 of open heavy flavor
meson and heavy quarkonium in p+Pb collisions. Fur-
ther study in this direction may also be essential for
solving the puzzle of hard probe v2 in large nucleus-
nucleus collisions.
5.2. Heavy flavor hadrons
Heavy quarks (charm and beauty quarks) are a special
category of hard probe particles. The large mass
of heavy quarks suppresses their thermal emission
from the QGP, thus most heavy quarks are produced
in the primordial hard collisions and then traverse
and interact with the QGP with their flavor number
conserved. Therefore, they serve as a clean probe of
the QGP properties. At low pT, heavy quarks provide
a unique opportunity to study the non-perturbative
interaction between hard partons and the thermal
medium; at intermediate pT, heavy quark observables
help refine our understanding of the hadronization
process from partons to color neutral hadrons; at high
pT, heavy quarks allow us to study the mass and flavor
hierarchy of parton energy loss inside the QGP. A more
detailed review specializing in heavy quarks, especially
their low pT dynamics, can be found in Refs. [200–203].
In this review, we concentrate on the flavor hierarchy
of energy loss and heavy quark hadronization which
are closely related to high-energy jets.
Due to their different masses and color factors, one
would expect the energy losses of beauty, charm, light
quarks and gluons have the flavor hierarchy ∆Eb <
∆Ec < ∆Eq < ∆Eg. Therefore, the suppression
factor RAA of B and D mesons and light flavor
hadrons should have the inverted hierarchy RBAA >
RDAA > R
h
AA. However, the LHC data [204–207]
reveal comparable RAA’s for D mesons, B mesons and
charged hadrons above pT ∼ 8 GeV. Over the past
decade, many theoretical efforts have been devoted to
investigating this flavor hierarchy of hadron RAA [96,
208–211].
A full understanding of heavy and light flavor
parton energy loss requires a Monte-Carlo framework
for realistic jet-medium interactions that treats
different species of partons on the same footing.
This has been realized in the Lbt model [95, 96] in
which elastic and inelastic energy loss of heavy and
light flavor partons are simultaneously described using
the Boltzmann transport through a hydrodynamic
medium. Within this framework, a recent study [211]
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Figure 14. (Color online) The nuclear modification factors
of (a) charged hadrons and (b) D mesons in central 5.02 TeV
Pb+Pb collisions, compared with contributions from quark and
gluon fragmentations. The figures are from Ref. [211].
further shows that the gluon splitting process in the
next-to-leading-order (NLO) contribution to parton
production is crucial for a simultaneous description
of the RAA’s of different hadron species, which is
usually ignored in heavy quark studies. While gluon
fragmentation dominates the (light flavor) charged
hadron production up to pT ∼ 50 GeV, quark
fragmentation starts to dominate beyond that. To
the contrary, gluon fragmentation contributes to over
40% D meson yield up to 100 GeV. In Fig. 14, the
contributions from quark and gluon fragmentations to
RAA for charged hadrons and D mesons are compared
in detail. One observes that the RAA’s for gluon
initiated hadrons and D mesons are much smaller
than those initiated by quarks, and the RAA for light
quark initiated hadron is slightly smaller than that for
the charm quark initiated D meson. This supports
the flavor hierarchy of parton energy loss – ∆Ec <
∆Eq < ∆Eg – as expected. On the other hand, we see
that the RAA for light hadrons originated from gluon
fragmentation is larger than that of D mesons from
gluons due to different fragmentation functions. After
combining contributions from both quarks and gluons,
one obtains similar RAA for both charged hadrons and
D mesons above pT ∼ 8 GeV.
The above findings can be further verified by
applying the same calculation to the B meson RAA. As
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Figure 15. (Color online) The nuclear modification factors of
charged hadrons, direct D mesons, B mesons and B-decay D
mesons in minimum bias 5.02 TeV Pb+Pb collisions. The figure
is from Ref. [211].
shown in Fig. 15, within this perturbative framework
that combines the NLO production and fragmentation
mechanism with the Lbt simulation of parton energy
loss through the QGP, one can naturally obtain a
simultaneous description of the RAA’s of charged
hadrons, direct D mesons, B mesons and D mesons
from B-decay over a wide pT region. It also predicts
that at intermediate pT, one should observe a larger
RAA of B mesons compared to D mesons and
charged hadrons. However, this separation disappears
above ∼ 40 GeV. This is expected to be tested
by future precision measurement and complete our
understanding of the flavor hierarchy of jet quenching
inside the QGP.
While the clean perturbative framework is suffi-
cient to describe the nuclear modification of hadrons
at high pT, non-perturbative effects become important
in the low pT region. The difference between jet spec-
tra at partonic and hadronic levels is non-negligible;
it could be as large as the difference between the LO
and NLO calculations in some regions of pT [212–214].
The hadronization mechanism is a challenging topic
because of its non-perturbative nature. Nevertheless,
heavy quarks provide us a good opportunity to inves-
tigate how partons form hadrons at different momen-
tum scales due to the feasibility of tracking their flavor
identity during their evolution. While high pT heavy
quarks tend to fragment directly into hadrons, it is
more probable for low pT heavy quarks to combine with
thermal partons from the QGP to form hadrons. The
latter process is known as coalescence, or recombina-
tion, and was first proposed in Ref. [215] and found
to significantly affect the charmed hadron chemistry
(baryon-to-meson ratio) in relativistic heavy-ion colli-
sions. This proposal has been qualitatively confirmed
by the recent RHIC and LHC data on the Λc/D
0 ra-
tio [216, 217]. Meanwhile, this coalescence model has
also been quantitatively improved over the past few
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Figure 16. (Color online) The charmed hadron chemistry from
a coalescence-fragmentation hadronization model: (a) the pT
integrated Λc/D0 ratio, (b) the pT differentiated Λc/D
0 ratio,
and (c) the pT differentiated Ds/D
0 ratio. The figure is from
Ref. [220].
years in Refs. [218–220].
The coalescence probability from two (three)
constituent quarks to a meson (baryon) is given
by the wavefunction overlap between the free quark
state and the hadronic bound state. If a heavy
quark does not coalescence with thermal quarks from
the QGP, it fragments. This coalescence formalism
has recently been extended from s-wave hadronic
states to both s and p-wave states of charmed
hadrons [220]. It is found that adding the p-
wave contribution significantly increases the total
coalescence probability of charm quarks and makes
it possible to normalize this probability at zero
momentum with a proper in-medium size of charmed
hadrons (rD0 = 0.97 fm) considering that a zero-
momentum charm quark is not energetic enough to
fragment into hadrons. Additionally, including p-wave
states naturally incorporates all major charmed hadron
states listed in the Particle Data Group (PDG) [221]
and enhances the Λc/D
0 ratio. A longstanding
deficiency of this coalescence formalism is its violation
of the energy conservation. This has also been fixed in
this work [220] by first coalescing multiple constituent
quarks into an off-shell bound state and then decaying
it into on-shell hadrons with the 4-momentum of the
entire system strictly conserved.
As shown in Fig. 16, after combining this
improved hadronization model with a transport-
hydrodynamics model that provides the realistic heavy
quark distribution after they traverse the QGP, one
obtains a satisfactory description of the charmed
hadron chemistry as observed in Au+Au collisions at√
s = 200 GeV, including both pT integrated and
differentiated Λc/D
0 and Ds/D
0 ratios. Effects of
the QGP flow and fragmentation vs. coalescence
mechanism on the charmed hadron chemistry have
also been explored in Fig. 16. The pT boost from
the QGP flow is stronger on heavier hadrons and
thus significantly enhances the Λc/D
0 ratio. The
coalescence also yields much larger baryon-to-meson
ratio than fragmentation. Within this framework,
it has been predicted that the in-medium charmed
hadron size should be larger than that in vacuum,
which may be tested by future hadronic model
calculations. There might be other mechanisms
affecting the charmed hadron chemistry, such as
contributions from possible resonant states beyond the
current PDG list [222] and the sequential coalescence
of charmed hadrons at different temperatures [223].
5.3. Dihadron and γ/Z0-triggered hadrons
In addition to single inclusive hadrons, dihadron [224–
227] and γ/Z0-triggered hadrons [97, 228, 229] provide
additional tools to place more stringent constraints
on our understanding of parton energy loss inside the
QGP. For instance, one may measure the medium
modification of the momentum imbalance between
the associated hadron and the triggered hadron or
γ/Z0 in A+A collisions relative to that in p+p.
Such observables are also independent of 〈Ncoll〉 in
Eq. (83) for the RAA of single inclusive hadrons
and therefore are free of the associated systematic
uncertainties. The γ/Z0-triggered hadrons/jets are in
particular considered “golden channels” for the study
of jet quenching since the triggered γ/Z0 does not lose
energy inside the medium, and therefore serves as an
ideal reference for the energy loss of the associated jet
partons.
One quantity being commonly investigated is the
triggered nuclear modification factor IAA [230] defined
as
IAA(zT) ≡
1
Ntrig
dNasso
dzT
|AA
1
Ntrig
dNasso
dzT
|pp
, (89)
where zT = p
asso
T /p
trig
T is the pT ratio between
the associated hadron and the triggered particle
(hadron, γ or Z0 boson), measuring the transverse
momentum imbalance between them. The numerator
and denominator in the above equation are both
normalized to yields of triggered particles, and
are called hadron or γ/Z0-triggered fragmentation
functions in literature.
One would expect that with an increase of parton
energy loss inside the QGP, there will be a suppression
of the associated hadrons at high pT (zT), thus larger
imbalance between the associated and the triggered
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Figure 17. (Color online) The participant number dependence
of the γ-triggered hadron suppression factor IAA in Au+Au
collisions at RHIC. Curves from top to bottom correspond to
the hadron pT at 2, 4, 6, 8, 10 GeV respectively. The figure is
from Ref. [228].
Figure 18. (Color online) The density distribution of the initial
cc¯ production positions in the transverse (x-y) plane for different
zT values between the final state DD pairs: (a) zT ∈ (0.2, 0.4),
(b) zT ∈ (0.4, 0.6), (c) zT ∈ (0.6, 0.8), and (d) zT ∈ (0.8, 1.0).
The triggered D or D mesons are taken along the out-of-plane
directions (|φtrig − pi/2| < pi/6) for central Au+Au collisions at
200 GeV (pT,trig > 4 GeV and pT,asso > 2 GeV). The figure is
from Ref. [227].
particles. In Fig. 17, we present the zT-integrated IAA
of γ-triggered hadrons as a function of the participant
number (Npart) in Au+Au collisions at
√
s = 200 GeV.
For a fixed pT range of the triggered photon, a stronger
suppression of the associated hadron is observed at
larger pT [228]. Due to larger energy loss of the
associated jet parton in more central collisions, the IAA
also decreases with the increase of Npart.
It has also been found in Refs. [225, 227, 228, 231]
that the zT value can help identify the position from
which the jet event is produced in the initial nucleus-
nucleus collision. This is demonstrated in Fig. 18 by
the transverse distribution of the initial hard processes
leading to heavy flavor meson pairs as an example,
where within the 0-10% centrality of Au+Au collisions
at
√
s = 200 GeV, D or D mesons with pT >
4 GeV are triggered, and pT > 2 GeV is required
for their associated anti-particles. One may observe
for smaller values of zT, the initial charm quark pairs
are more biased toward the edge of the overlap region
of heavy-ion collisions so that the difference in the
path lengths and thus energy loss is larger between
triggered and associated particles. To the contrary,
for larger zT values, initial charm quark pairs are more
likely to spread smoothly over the whole overlap region.
Similar analyses have been done for dihadron [225], γ-
hadron [228] and γ-jet [231] events. This allows us to
use the momentum imbalance of triggered particle/jet
pairs to probe different regions of the hot nuclear
matter and also obtain better understanding of the
path length dependence of parton energy loss inside
the QGP.
Apart from the momentum imbalance, the angular
correlation between the associated hadrons and the
triggered particle is another interesting observable
for quantifying the transverse momentum broadening
of jet partons. This may provide a more direct
constraint on qˆ. In Ref. [232], a systematical
resummation formalism has been employed for the
first time to calculate the dihadron and hadron-
jet angular correlation in p+p and peripheral A+A
collisions. With a global χ2 fit to experimental data,
the authors obtain the medium-induced broadening
of a quark jet around 〈p2⊥〉 ∼ 13 GeV2, and the
jet transport parameter qˆ0 = 3.9
+1.5
−1.2 GeV
2/fm at
the top RHIC temperature. In addition, Ref. [227]
proposes that using the angular correlation between
heavy meson pairs can help constrain the detailed
energy loss mechanism of heavy quarks, which cannot
be uniquely identified with the single inclusive hadron
observables. It has been found that with the same
RAA factor of D mesons, collisional energy loss is much
more effective in smearing the angular distribution
between the DD pairs compared to energy loss from
collinear gluon radiation. In this work, different
momentum imbalance (zT) cuts have been applied to
separate the energy loss effect from the momentum
broadening effect on the angular correlation, so that
the best kinematic region has been suggested for future
experimental measurements on constraining the heavy
quark dynamics in the QGP.
While most earlier work concentrated on the
suppression of the high zT hadron yield, a recent
study [97] has found that the enhancement of the
soft hadron production at low zT in γ-triggered
hadron events could serve as a smoking-gun signal
of the QGP response to jet propagation. Such
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Figure 19. (Color online) Nuclear modification of the γ-
triggered hadron yield in different pγT regions in Au+Au collisions
at 200 GeV and Pb+Pb collisions at 5.02 TeV, with |ηh,γ | <
0.35. The figure is from Ref. [97].
soft hadron enhancement is investigated within the
CoLbt-Hydro model that realizes an event-by-event
concurrent simulation of jet and QGP evolution in
relativistic nuclear collisions as discussed in Sec. 4.4.
The nuclear modification of the γ-triggered hadron
yield in different pT ranges of the triggered photon from
this study is shown in Fig. 19. To compare to different
data set, the 0-40% centrality bin is used in panels (a)
and (b), 0-12% is used in panel (c), and 0-10% is used
in panel (d). In order to investigate IAA at low zT, the
variable ξ = ln(1/zT) is used for the horizontal axis.
From Fig. 19, one clearly observes a suppression
of IAA at small ξ (large zT) due to parton energy
loss before fragmenting into hadrons. On the other
hand, jet-induced medium excitation is clearly shown
to lead to an enhancement of soft hadron yield at
large ξ (small zT). The onset of the soft hadron
enhancement (IAA ≥ 1) shifts towards a larger ξ value
with the increase of pγT [from Fig. 19 (a) to (d)],
corresponding to a fixed hadron transverse momentum
phT = zTp
γ
T ∼ 2 GeV. This scale reflects the thermal
momentum of hadrons from the jet-induced medium
response in QGP which is approximately independent
of the jet energy. This is a unique feature of the jet-
induced medium response from the CoLbt-Hydro
model. The CoLbt-Hydro’s predictions on the high
pγT γ-triggered jets have also been confirmed by the
recent LHC data [233]. Jet-induced medium response
in CoLbt-Hydro also explains the enhancement of
the jet fragmentation function at small zT in γ-
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Figure 20. (Color online) The γ-hadron azimuthal correlation
in different phT region in p+p and 0-12% Au+Au collisions at
200 GeV with |ηh,γ | < 1.0 and 12 < pγT < 20 GeV, normalized
to per triggered photon yield. The half width σ is obtained from
a Gaussian fit within |∆φγh − pi| < 1.4. The figure is from
Ref. [97].
jet events as we will show in the discussion about
medium modification of jet substructures in Sec. 7.1.
Similar experimental measurements [234] together with
new theoretical calculations [235, 236] on Z0-triggered
hadrons/jets also become available.
The effect of jet-induced medium response can also
be investigated in the γ-hadron angular correlation as
shown in Fig. 20, where results for central Au+Au
collisions at 200 GeV with and without contributions
from the jet-induced medium excitation are compared
to that in p+p collisions. One can see that contribution
from medium response is negligible for high phT. The
widths of the angular correlation σ in Au+Au and p+p
collisions from fitting to a Gaussian function within the
|∆φγh−pi| < 1.4 region are comparable though there is
an obvious suppression of the hadron yield at large phT
[Fig. 20 (d)]. At low phT [Fig. 20 (a)], on the other hand,
there is a significant enhancement of the hadron yield
and broadening of their angular distribution in Au+Au
collisions due to jet-induced medium excitation. The
most interesting feature in the angular distribution of
soft hadrons is their depletion near ∆φγh = 0 along
the direction of triggered photon due to the diffusion
wake left behind the jet. This is consistent with the
snapshots of the CoLbt-Hydro simulation in Fig. 10.
Experimental verification of such depletion will be an
unambiguous signal of jet-induced medium response.
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6. Jet spectra
In the study of the suppression of jet spectra with
a given jet-cone size R in heavy-ion collisions, one
should consider not only the jet energy loss due
to transport of partons to the outside of the jet-
cone through elastic scattering and induced gluon
radiation, but also the effect of jet-induced medium
response that can also contribute to the total energy
inside the jet-cone as constructed by a jet-finding
algorithm. This contribution from jet-induced medium
response will affect the transverse momentum and jet-
cone size dependence of jet energy loss and thus jet
spectrum suppression. In this section, we will review
the suppression of single and γ/Z-triggered jets in
heavy-ion collisions and effects of jet-induced medium
response.
6.1. Single inclusive jets
To calculate the suppression of single inclusive jet
spectra in high-energy heavy-ion collisions, we can first
use Pythia 8 [67] or other Monte Carlo programs
to generate the initial jet shower parton distributions
from elementary nucleon-nucleon collisions and then
use transport models such as Lbt to simulate the
transport of these jet shower partons through the bulk
medium that evolves according to a hydrodynamic
model. The Fastjet program [237], modified to
include the subtraction of “negative” partons from the
total energy inside a jet-cone, is utilized with the anti-
kT algorithm to reconstruct jets and calculate the final
single inclusive jet spectra.
In practice as we discuss in this section, we use
Pythia 8 to generate the initial jet shower partons
(with both initial and final state radiation) for a given
number of events within the interval of the transverse
momentum transfer pTc ∈ (pTc−dpTc/2, pTc+dpTc/2)
and the cross section dσ
pp(c)
LO /dpTc in the leading-order
(LO) perturbative QCD (pQCD) in p+p collisions.
Using Fastjet with a given jet-cone radius R, one
can get an event-averaged single inclusive jet spectrum
dN jetc (pT, pTc)/dydpT, here pT and y are the transverse
momentum and rapidity of the final jet, respectively.
The final single inclusive jet cross section in p+p
collisions is given by
d2σjetpp
dpTdy
=
∑
c
∫
dpTc
dσ
pp(c)
LO
dpTc
d2N jetc (pT, pTc)
dpTdy
, (90)
where the LO pQCD cross section for the production
of initial hard parton c in p+p collisions is given by
dσ
pp(c)
LO
dpTc
= 2pTc
∑
a,b,d
∫
dycdydxafa/p(xa, µ
2)
× xbfb/p(xb, µ2)dσˆab→cd
dt
, (91)
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Figure 21. (Color online) The inclusive jet cross section from
Pythia 8 as a function of the jet transverse momentum pT in
different rapidity bins in p+p collisions at
√
s = 5.02 TeV (solid)
and 2.76 TeV (dashed), using the anti-kT algorithm with the jet
cone radius R = 0.4 as compared to the ATLAS experimental
data [238]. Results for different rapidities are scaled by successive
powers of 100. The figure is from Ref. [99].
where yc and yd are rapidities of the final hard partons
in the a+ b→ c+d processes, xa = xTc(eyc + eyd) and
xb = xTc(e
−yc + e−yd) are the momentum fractions
carried by the initial partons from the two colliding
protons with xTc = 2pTc/
√
s, fa/p(x, µ
2) is the parton
distribution inside a proton at the scale µ2 = p2Tc
and dσˆab→cd/dt is the parton level LO cross section
which depends on the Mandelstam variables sˆ = xaxbs,
tˆ = −p2Tc(1 + eyd−yc) and uˆ = −p2Tc(1 + eyc−yd).
Because of the initial and final state radiations, there
can be more than two jets in the final state and the
transverse momentum pT of the final leading jet is
normally different from the trigger pTc.
Shown in Fig. 21 are the single inclusive jet
cross sections as a function of the final jet transverse
momentum pT in different rapidity bins of p+p
collisions at
√
s = 2.76 and 5.02 TeV from Pythia 8 as
compared to the ATLAS experimental data [238,239].
We see Pythia 8 can describe the experimental
data well. The shape of the single inclusive jet
spectra at
√
s = 5.02 TeV are much flatter than
that at 2.76 TeV as determined mainly by the parton
distribution functions.
To calculate the jet spectra in heavy-ion colli-
sions, one first needs to consider the nuclear modi-
fication of the initial parton distributions [182, 240].
One then lets the initial jet shower partons to propa-
gate through the QGP medium within the Lbt model.
Using Fastjet for jet reconstruction, one gets an
event-averaged final single inclusive jet distribution
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dN˜ jet(c)(pT, pTc, φc, ~r,
~b)/dydpT for a given initial produc-
tion point ~r, azimuthal angle φc of the initially pro-
duced hard parton c and impact parameter ~b of the
nucleus-nucleus collisions. The cross section for the
single inclusive jet production in A+A collision is then
given by,
dσjetAA
dpTdy
=
∑
a,b,c,d
∫
d2rd2btA(r)tA(|~b− ~r|)dφc
pi
dycdyd
×
∫
dpTcpTcxafa/A(xa, µ
2)xbfb/B(xb, µ
2)
× dσˆab→cd
dt
dN˜ jet(c)(pT, pTc, φc, ~r,
~b, φc)
dydpT
, (92)
where tA(r) is the nuclear thickness function with
normalization
∫
d2rtA(r) = A and fa/A(x, µ
2) is the
nuclear modified parton distribution function [182,240]
per nucleon. The range of the impact parameter b
is determined by the centrality of the nucleus-nucleus
collisions according to experimental measurements.
The suppression factor due to interactions be-
tween shower and medium partons in heavy-ion col-
lisions is given by the ratio of the jet cross sections for
A+A and p+p collisions normalized by the averaged
number of binary nucleon-nucleon collisions,
RAA =
1∫
d2rd2btA(r)tA(|~b− ~r|)
dσjetAA
dσjetpp
. (93)
In the jet reconstruction using Fastjet one
should also subtract the underlying event (UE)
background. In the Lbt study presented here, a
scheme inspired by the method in the experimental
studies [241] is used. In Lbt simulations, only jet
shower partons, radiated gluons and recoil medium
partons including “negative” partons are used for jet
reconstruction. The UE background is very small as
compared to the full hydrodynamic UE background.
The contribution of UE to the jet energy before the
subtraction in Lbt simulations is only a few percent
in central Pb+Pb collisions and much smaller in p+p
collisions.
Shown in Fig. 22 are the suppression factors
RAA(pT) in the central rapidity |y| < 2.1 region of 0-
10% central Pb+Pb collisions at
√
s = 2.76 TeV from
Lbt simulations with different options on “negative”
partons and UE subtraction (UES) as compared to
the ATLAS data. The fixed value of αs = 0.15 is
used which minimizes the χ2/d.o.f. from fitting to
the ATLAS data when “negative” partons and UES
are both considered [Fig. 22 (a)]. The fixed value
of αs is only an effective strong coupling constant
in the Lbt model in which the perturbative Debye
screening mass is used to regularize the collinear
divergence in elastic scattering and radiative gluon
spectrum. Other non-perturbative physics such as
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Figure 22. (Color online) The suppression factor RAA of single
inclusive jet spectra in the central rapidity |y| < 2.1 region of
0-10% central Pb+Pb collisions at
√
s = 2.76 TeV from Lbt
simulations with fixed αs = 0.15 as compared to the ATLAS
data at the LHC [239]. The jet reconstruction with R = 0.4 and
anti-kT algorithm includes four different options on “negative”
partons and UES: (a) with both “negative” partons and UES,
(b) with “negative” partons but without UES, (c) with UES but
without “negative” partons, and (d) without “negative” partons
and UES. The figure is from Ref. [99].
chromo-magnetic monopoles can effectively increase
the screening mass [189, 242–244]. Furthermore, the
thermal mass of medium partons can also reduce the
effective thermal parton density significantly in the
interaction rate. These can all increase the value of
the effective strong coupling constant in Lbt in order
to fit experimental data.
As we discussed before, the inclusion of recoil
partons contributes to the total energy inside the
jet-cone and therefore significantly reduces the final
jet energy loss. The “negative” partons from the
diffusion wake of the jet-induced medium response,
however, will reduce the energy inside the jet-cone.
One can consider this as jet-induced modification of
the background. It will increase the net jet energy loss.
The UES also similarly increases the net jet energy
loss. Therefore, they both lead to smaller values of the
suppression factor as seen in Fig. 22, though the effect
of “negative” partons is relatively larger. Without
“negative” partons, the effect of UES is also larger than
with “negative” partons.
To illustrate the effect of jet-induced medium
response on the suppression of single inclusive jet
spectra, one can examine the colliding energy and
transverse momentum dependence of the jet energy
loss as shown in Fig. 23 for central Pb+Pb collisions
at both
√
s = 2.76 TeV and 5.02 TeV. Apparently,
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Figure 23. (Color online) The average jet transverse
momentum loss as a function of its initial pT, compared
between with and without including recoiled/“negative” parton
contributions. The figure is from Ref. [99].
the average transverse momentum loss of jets depends
on whether the jet-induced medium excitation is taken
into account. At both colliding energies, one observes
that including recoil partons in jet reconstruction
significantly enhances the final jet pT as compared to
that without, thus reduces their pT loss. On the other
hand, the subtraction of “negative” partons reduces
the jet pT, thus enhances their pT loss. The time
(or path length) dependence of these medium response
effects on jet energy loss is also interesting [104]. One
observes that the contribution from “negative” partons
is negligible at the early stage of parton propagation.
However, as the number of partons within the jet
shower grows with time, so does the number of jet-
medium scatterings and the number of “negative”
partons. At later times, the “negative” partons
significantly deplete the thermal medium behind the
propagating jet and effectively modify the background
underlying the jet. Only with the subtraction of
the “negative” parton energy, one is able to obtain
a linear increase of elastic energy loss with the path
length as expected. Therefore, a proper treatment of
these medium response effects is crucial for correctly
describing jet observables.
The relatively weak transverse momentum depen-
dence of the jet energy loss in Fig. 23 is also shown [99]
to be influenced by the combination of many interplay-
ing effects such as radial flow and medium modified fla-
vor composition in addition to jet-induced medium re-
sponse. Since the initial parton density increases with
the colliding energy as reflected in the 20% increase of
the measured hadron multiplicity in the central rapid-
ity [245,246], the net jet energy loss at
√
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Figure 24. (Color online) The Lbt results on RAA(pT) in
the central rapidity |y| < 2.1 for single inclusive jet spectra
in 0-10% central Pb+Pb collisions at
√
s = 2.76 (red dashed
line) and 5.02 TeV (blue solid line) as compared to the ATLAS
data [238,239]. The figure is from Ref. [99].
is indeed about 15% larger than at
√
s = 2.76 TeV
in the pT = 50 − 400 GeV range when the medium
response is taken into account as shown in Fig. 23. As-
suming the effective strong coupling constant in Lbt
is independent of the local temperature, the predicted
suppression factor for single inclusive jet spectra in
Pb+Pb collisions at
√
s = 5.02 TeV, shown in Fig. 24
together with ATLAS the data [238, 239], is almost
the same as that at 2.76 TeV. The transverse momen-
tum dependence of the jet suppression factor in this
range of pT is also very weak, which is very different
from the suppression factor of single inclusive charged
hadrons [204,247–249]. Both of these two features are
the consequences of the energy and transverse momen-
tum dependence of the jet energy loss and the initial
jet spectra. The increased jet energy loss at higher col-
liding energy is offset by the flatter initial jet spectra
(see Fig. 21) to give rise to almost the same RAA(pT).
Since the net jet energy loss decreases with the
jet-cone size as a bigger cone size includes more
medium recoil partons and radiated gluons. Inclusion
of medium response should lead to a unique cone size
dependence of the jet suppression. Shown in Fig. 25 are
the jet suppression factors from Lbt with (solid) and
without medium recoil (dashed) in the central rapidity
region of 0-10% Pb+Pb collisions at
√
s = 5.02 TeV
for different jet-cone sizes, R=0.5, 0.4, 0.3 and 0.2. As
expected, the suppression factor increases with the jet-
cone size as the net jet energy loss gets smaller for
bigger jet-cone size. Without medium response, the
suppression factors are both significantly smaller due
to increased energy loss and much less sensitive to the
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Figure 25. (Color online) The jet suppression factor RAA as
a function of pT in 0-10% Pb+Pb collisions at
√
s = 5.02 TeV
from Lbt with (solid) and without medium response (dashed) for
different jet-cone sizes, R=0.5, 0.4, 0.3 and 0.2 as compared to
the CMS data [253] in 0-5% Pb+Pb collisions at
√
s = 2.76 TeV.
The figure is from Ref. [99].
jet-cone size. Similar behavior was also predicted in
Refs. [73, 250–252] but with different pT-dependence
because of lacking influence from the medium response
and the radial expansion of the QGP. The systematic
uncertainties of the CMS data [253] in Fig. 25 for
Pb+Pb collisions at
√
s = 2.76 TeV are too big to
indicate any jet-cone size dependence.
The CMS preliminary data on the jet-cone size
dependence of the jet suppression factor with high
precision in 0-10% Pb+Pb collisions at
√
s = 5.02 TeV
become available recently [254]. They are compared
with many transport model simulations in Fig. 26.
While most of the transport models fail to describe the
preliminary CMS data, Lbt (with medium response)
and Martini results agree with the data well for large
jet-cone size (R=0.6, 0.8, 1.0). However, Lbt and
Martini results on RAA continue to decrease slightly
with smaller jet cone-size (R=0.4,0.3,0.,2) while the
CMS data remain the same and even increase slightly.
Other theory calculations without medium response
appear to agree with the preliminary data even for
small jet-cone size [254]. It is important to note that
the ATLAS data for R = 0.4 agree with Lbt and
Martini results and are systematically smaller than
the CMS preliminary data. Therefore, in order to
verify the effect of medium response on the cone-size
dependence of jet suppression, it is necessary for CMS
and ATLAS to reconcile the discrepancy between their
measurements by extending the CMS’s coverage to
small pT and ATLAS’s analyses to different (both small
and large) jet-cone sizes.
6.2. γ/Z0-jet correlation
Similar to γ-hadron correlation, γ/Z0-jet correlations
are excellent probes to study jet quenching and jet-
induced medium response because the energy of the
triggered γ/Z0 boson provides an approximate proxy
of the initial jet energy before its propagation and
transport through the QGP medium. Jet yields per
trigger are also free of the uncertainties related to
the estimate of the number of binary collisions in the
study of quenching of single inclusive hadrons and jets.
One can also measure jet transport coefficient directly
through di-hadron, γ-hadron, or γ/Z0-jet correlation
in the azimuthal angle [255, 256]. Even though
the Sudakov form factor from initial state radiation
dominates the azimuthal angle correlation between
γ/Z0 and jets with large transverse momentum [232,
257], the large angle correlation could be influenced by
large angle scattering between jet shower and medium
partons [258], in particular when the transverse
momentum scale is not too large.
There have been many theoretical studies on jet
quenching with γ/Z0-jets in heavy-ion collisions [94,
259–261]. We will review here recent work on γ/Z0-
jets using the Lbt model with special emphasis on
the effect of medium response, multiple jet production
and suppression [98, 236]. Similar to the simulation
of single inclusive jets, Pythia 8 [67] is used to
generate the initial jet shower partons in γ-jet events in
p+p collisions with a minimum transverse momentum
transfer that is half of the transverse momentum of
the triggered photons. Events with bremsstrahlung
photons from QCD processes are also included.
The distribution of the initial γ-jet production in
the transverse plane is sampled according to the
distribution of hard processes in the initial condition
for the underlying hydrodynamic evolution of the bulk
matter. Parton transport is simulated within the Lbt
model until the hadronic phase of the bulk matter. The
Fastjet [237] package is again used to reconstruct jets
from the final partons.
Shown in Fig. 27 are the distributions of the
associated jets from Lbt simulations as a function of
pjetT for fixed p
γ
T ≥ 80 GeV in both p+p and Pb+Pb
collisions at
√
s = 2.76 TeV which compare fairly well
with the experimental data from CMS [262]. The same
kinematic cuts |ηγ | < 1.44, |ηjet| < 1.6 and |φγ −
φjet| > (7/8)pi are imposed as in the CMS experiments.
A lower threshold of the transverse momentum of
reconstructed jets is set at pjetT > 30 GeV. To compare
to the CMS data, the Lbt results in both Pb+Pb
and p+p collisions are convoluted with a Gaussian
smearing with the same jet energy resolution in each
centrality class of Pb+Pb collisions as in the CMS data.
A complete subtraction of the uncorrelated underlying
event background is assumed for the Lbt results.
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Figure 26. (Color online) The preliminary CMS data on the jet suppression factor RAA(pT) (red solid circles) in 0-10% central
Pb+Pb collisions at
√
s = 5.02 TeV for different jet cone sizes as compared to the ATLAS data [238] (blue solid circles) and results
from different transport model calculations. The figure is from Ref. [254].
In the γ-jet events, the transverse momentum of
the triggered photon is not completely balanced by the
jet because of the initial-state gluon bremsstrahlung.
However, the peak position of the jet pjetT distribution
in p+p collisions reflects the average initial pjetT value
of the γ-jet. From Fig. 27 one can clearly see the shift
of the peak position to a smaller pjetT value due to jet
energy loss in Pb+Pb collisions. To illustrate this shift
in detail, we show in Fig. 28 the average transverse
momentum loss of the leading jet in γ-jet events in
two centrality classes of Pb+Pb collisions as a function
of the initial transverse momentum of the leading jet
in p+p collisions. As one can see, including recoil
and “negative” partons from medium response in jet
reconstruction reduces the net jet energy loss. The jet
transverse momentum loss increases with the initial jet
transverse momentum and the dependence is slightly
weaker than a linear increase due to a combined effect
of the jet energy loss for a given jet flavor (quark or
gluon) and the transverse momentum dependence of
the initial jet flavor composition. The initial quark
fraction increases with transverse momentum in γ-
jets and the energy loss of a gluon jet is found to
be about 1.5 times bigger than that of a quark for
a jet-cone size R = 0.3 in this range of pjetT [99].
By shifting the transverse momentum distribution
of γ-jet in p+p collisions, one can approximately
describe the modification of the γ-jet spectra in Pb+Pb
collisions [98].
In Fig. 27, the Lbt results for the associated
leading jet are shown (dashed lines) to deviate from
the inclusive associated jet yields at small values of
pjetT . The difference at low p
jet
T < p
γ
T is mainly caused
by secondary jets associated with the triggered photon.
Energy loss and suppression of the sub-leading jets lead
to medium modification of the γ-jet correlation at lower
pjetT in addition to the modification caused by energy
loss of the leading jets in γ-jet events.
Multiple jets are produced from the large angle
radiative processes in the initial hard processes. Their
contributions can become significant in the region
of large momentum imbalance pjetT < p
γ
T and even
become dominant at large azimuthal angle difference
|φγ − φjet − pi|. One can see this from the Z0-jet
correlation in the azimuthal angle ∆φjZ in p+p and
Pb+Pb collisions at
√
s = 5.02 TeV as compared to
the CMS data [263] in Fig. 29. Here, the initial Z0-
jet showers in p+p collisions are simulated with the
Sherpa Monte Carlo program [264] that combines the
NLO pQCD with resummation of a matched parton
shower. This model has a much better agreement
with the experimental data on the large angle Z0-
jet correlation [236] in p+p collisions. As one can
see, contributions from Z0+(≥ 2) jets from the NLO
processes are much broader than that of Z0+1 jets and
dominate in the large angle |∆φjZ − pi| region. The
Z0+1 jets contribute mostly in the small angle |∆φjZ−
pi| region where soft/collinear radiation from parton
shower dominates. Jet quenching has negligible effects
on the azimuthal correlation contributed by Z0+1 jets
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Figure 27. (Color online) The transverse momentum
distribution of γ-jet in (a) peripheral (30-100%) and (b) central
(0-30%) Pb+Pb (red) and p+p collisions (blue) at
√
s =
2.76 TeV from Lbt simulations as compared to the CMS
experimental data [262]. Dashed lines are the transverse
momentum distributions for leading jets only. The figures are
from Ref. [98].
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Figure 29. (Color Online) The Z0-jet correlation in the
azimuthal angle ∆φjZ from Lbt simulations in p+p (blue) and
Pb+Pb collisions (red) at
√
s = 5.02 TeV as compared to
the CMS data [263]. The dotted (dash-dotted) lines show the
contributions from Z0 + 1 jets (Z0 + (≥ 2) jets). The figure is
from Ref. [236].
because of the trigger bias. However, it suppresses the
contribution from Z0+(≥ 2) jets and therefore leads to
the suppression of the Z0-jet correlation at large angle
|∆φjZ − pi|. Similar effects are also seen in the γ-jet
correlation in the azimuthal angle [98].
7. Jet substructures
7.1. Jet fragmentation function
Recent developments on experimental and computa-
tional techniques allow us to measure/calculate not
only the total energy loss of full jets, but also how
energy-momentum is distributed within jets. The lat-
ter is known as the jet substructure (or inner struc-
ture), which helps place more stringent constraints on
our knowledge of parton-medium interactions, espe-
cially how jet-induced medium excitation modifies the
soft hadron distribution within jets.
The first observable of jet substructure is the jet
fragmentation function [265–268]:
D(z) ≡ 1
Njet
dNh
dz
, (94)
which quantifies the hadron number (Nh) distribution
as a function of their longitudinal momentum fraction
(z) with respect to the jet (z = ~p hT · ~p jetT /|~p jetT |2),
normalized to one jet. Note that the fragmentation
function defined this way should not be confused with
that for hadron distributions from the fragmentation
of a single parton as defined in Eqs. (9) and (14) and
used to calculate single inclusive hadron spectra from
hard processes [see e.g., Eqs. (8) and (84)].
Shown in Fig. 30 is a comparison between model
calculations and experimental data on the nuclear
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Figure 30. (Color online) Nuclear modification of the jet fragmentation function from (a) Matter+Lbt, (b) Matter+Martini and
(c) Matter+AdS/CFT calculations, compared to experimental data. The solid and dashed lines in (a) and (b) are with and without
medium effects in Matter respectively, both with separation scale Q0 = 2 GeV. Different separation scales in Matter+AdS/CFT
are compared in (c). The figure is from Ref. [138].
modification factor of the jet fragmentation function
within the Jetscape framework [138]. Here, charged
particles (tracks) with ptrkT are used to calculate the
fragmentation function of jets with R = 0.4, 100 <
pjetT < 398 GeV and |yjet| < 2.1 in central Pb+Pb
collisions at 2.76 TeV. A general feature of this
nuclear modification factor is its enhancement at both
small and large z values with a suppression in the
intermediate region of z.
The enhancement near z → 1 results from the
different energy loss mechanisms between full jets and
leading partons inside the jets after their transport
through the QGP. For a full jet with a given cone
size R, its energy loss mainly arises from losing
soft components either through transport outside
the jet-cone or “absorption” by the medium of soft
partons. The absorption occurs when soft hadrons
are excluded from jets either through background
subtraction or pT cuts on particle tracks in the jet
reconstruction. Consequently, even after losing an
amount of energy, a full jet in A+A collisions can
contain more leading partons at large z than a jet
in p+p collisions with the same pjetT . Of course, this
enhancement at large z depends on both the jet-
cone size and the lower ptrkT cut for soft particles
that are used for jet construction. This should be
further investigated with more detailed calculations
and measurements. As we will show later, such an
enhancement at large z disappears and is replaced by
a suppression instead if one defines the momentum
fraction by the transverse momentum of a triggered
particle (e.g. γ/Z0) which is approximately the initial
jet energy before jet propagation through the QGP
medium. Meanwhile, the medium-induced parton
splitting and jet-induced medium response generate a
large number of low pT hadrons, leading to the low
z enhancement of the jet fragmentation function. Due
to the energy conservation, enhancements at both large
and small z must be compensated by a depletion in the
intermediate region of z.
Different model implementations of jet transport
in QCD are compared in Fig. 30. In Figs. 30 (a) and
(b), results with and without medium modification
of jets at high virtualities are compared, where the
separation scale between the high-virtuality Matter
shower and the low-virtuality Lbt/Martini transport
is set as Q0 = 2 GeV. The medium-modified splittings
in Matter (solid lines) leads to both suppression of
leading hadrons at large z and enhancement of soft
hadrons at small z relative to the results with only
the vacuum splittings in Matter (dashed line). The
medium modification in the Matter phase has a
larger impact on the hard cores (leading partons) of jets
than on the soft coronas. Including this modification is
more effective in increasing the energy loss of leading
partons than the full jets. It therefore suppresses the
enhancement of the jet fragmentation function at large
z. For the same reason, reducing Q0 from 2 to 1 GeV
in Fig. 30 (c) increases the Matter contribution in
this multi-scale jet transport, hence also suppresses the
large z enhancement.
Comparing results from the three different
combinations of models within the JETSCAPE
framework in Figs. 30 (a), (b) and (c), one
can see a much stronger low-z enhancement of
the jet fragmentation function from Matter+Lbt
simulations in Fig. 30 (a) because all recoil partons and
their transport are fully tracked within the Lbt model
to account for jet-induced medium excitation. These
are not included in the results from Matter+Marini
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Figure 31. (Color online) The γ-jet fragmentation function as a
function of ξjet in Pb+Pb collisions at
√
s=5.02 TeV for different
centrality classes (upper panel) and the corresponding ratio of
the Pb+Pb to p+p results (lower panel) for pγT > 60 GeV,
pjetT > 30 GeV, |φjet − φγ | < 7pi/8 and jet cone-size R = 0.3.
The figure is from Ref. [165].
and Matter+AdS/CFT in Figs. 30 (b) and (c).
Similar effects from medium response on soft hadron
production have also been found in Ref. [76] within the
Hybrid model and Ref. [269] within the Jewel model.
The jet fragmentation function has also been
studied within many other theoretical approaches. For
instance, a simplified energy loss model [270] that
shifts the jet pT in A+A collisions can also grasp
certain features of the in-medium jet fragmentation
function at high z, though it fails at low z. Using
the Yajem model [271], one finds that the data on
the jet fragmentation function prefer the Yajem-rad
module to the Yajem-fmed module of jet energy loss
– the former assumes virtuality enhancement of parton
splitting inside the QGP while the latter assumes
a simple parametrization of the medium-modified
splitting function. Within the Pyquen model [272],
the experimental data are found to favor wide angle
over small angle radiation in parton showers. The jet
fragmentation function is also suggested as a valuable
tool to extract the color (de)coherence effects in jet-
QGP interactions in Ref. [273].
Figure 32. (Color online) The γ-jet fragmentation function as a
function of ξγ in Pb+Pb collisions at
√
s=5.02 TeV for different
centrality classes (upper panel) and the corresponding ratio of
the Pb+Pb to p+p results (lower panel) for pγT > 60 GeV,
pjetT > 30 GeV, |φjet − φγ | < 7pi/8 and jet cone-size R = 0.3.
The figure is from Ref. [165].
Apart from single inclusive jets, the fragmentation
function has also been explored for γ-triggered
jets [233] in which one can test sophisticated modelings
of both parton energy loss and jet-induced medium
excitation for fully understanding the z-dependence
of the nuclear modification factor. Shown in
Fig. 31 are the hadron yields of γ-jets as a function
of ξjet = ln(|~p jetT |2/~p jetT · ~p hT ) and their nuclear
modification factors in Pb+Pb collisions with different
centralities at
√
s = 5.02 TeV from CoLbt-Hydro
simulations [165] as compared to the CMS data [274].
One can see there is a significant enhancement of
the hadron yields at large ξjet (or small momentum
fraction) due to the contribution from medium
response. However, there is little change of hadron
yields at small ξjet (or large momentum fraction). This
is because of the trigger bias in the selection of jets
with fixed values of pjetT as we have just discussed
before. One can also calculate the hadron yields per
jet as a function of ξγ = ln(|~p γT |2/~p γT · ~p hT ) without
fixing the transverse momentum of jets as shown in
Fig. 32. In this case, there is a suppression of the
38
hard (leading) hadrons at small ξγ (or large momentum
fraction) due to jet quenching and jet energy loss as
well as an enhancement of soft hadrons at large ξγ (or
small momentum fraction) due to medium response.
The enhancement is much bigger at large ξγ than at
large ξjet due to the fluctuation of the initial jet energy
when pγT is fixed.
Note that it has been suggested in Ref. [275]
that our current poor knowledge on the hadronization
process limits the precision of our description of the
hadron number within jets, thus also the fragmentation
function. As a result, sub-jet structures are proposed,
which measure the distribution of small-cone sub-jets,
instead of hadrons, within large-cone jets. These
new observables are expected to provide a larger
discriminating power between different theoretical
models and lead to the discovery of new features in
medium modification of jet structures.
7.2. Jet shape
While the jet fragmentation function measures the
longitudinal momentum distribution within a full jet, a
complimentary observable is the jet shape [276–278]. It
measures the momentum distribution transverse to the
jet axis and should be sensitive to jet-induced medium
response. It is also known as the jet energy density
profile defined as
ρ(r) ≡ 1
∆r
1
Njet
∑
jet
pjetT (r −∆r/2, r + ∆r/2)
pjetT (0, R)
, (95)
where r =
√
(η − ηjet)2 + (φ− φjet)2 is the radius to
the center of the jet located at (ηjet, φjet), and
pjetT (r1, r2) =
∑
trk∈(r1,r2)
ptrkT (96)
represents the summed energy of particle tracks within
the circular annulus between (r1, r2). The jet profile is
normalized by the total energy within (0, R) of each
jet, with R being the cone size utilized to reconstruct
the jet. The above equation is also normalized to per
jet event. Note that the study of the jet shape can be
extended to the r > R region.
Shown in Fig. 33 are jet shapes of both leading and
subleading jets in dijet events from a coupled jet-fluid
model [164], in which elastic and inelastic energy loss
of jets are calculated semi-analytically using transport
(rate) equations and the lost energy is deposited in the
QGP via a source term in a (3+1)-D hydrodynamic
model simulation of the bulk medium. One observes
that at small r, the energy density profile is dominated
by energetic partons initiated from jets (labeled as
“shower”). At large r, however, soft hadrons produced
from the jet-induced hydrodynamic response in the
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Figure 33. (Color online) Jet shape of (a) the leading and
(b) subleading jets in dijet events in 2.76 TeV p+p and central
Pb+Pb collisions, compared between contributions from jet
shower and jet-induced medium excitation in Pb+Pb collisions.
The figures are from Ref. [164].
QGP (labeled as “hydro”) dominate the energy density
profile. The contributions from jet showers and QGP
response to the jet shape cross around r = 0.4 just
outside the jet cone.
To better illustrate effects of jet-induced medium
response on nuclear modification of the jet shape,
the ratio between jet profiles in Pb+Pb and p+p
collisions is shown in Fig. 34. One observes a significant
enhancement of this nuclear modification factor at
large r after including contributions from jet-induced
medium excitation. Since the jet shape defined in
Eq. (95) is a self-normalized quantity, an enhancement
at large r will be accompanied by a suppression at
smaller r. This happens at intermediate r inside
the jet-cone since the jet shape at around r = 0 is
dominated by leading hadrons that actually should
be enhanced slightly according to what we see in
the previous subsection on jet fragmentation function.
Similar effects of medium response on the jet shape
have also been found in Refs. [76, 113, 138, 269] with
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Figure 34. (Color online) The nuclear modification factor of the
single inclusive jet shape in central Pb+Pb collisions at 2.76 TeV.
The figure is from Ref. [164].
different treatments of jet-induced medium excitation
as discussed in Sec. 4.
It is worth noting that even without jet-induced
medium response, one can still observe an enhancement
of the jet shape at large r since jet-medium
interactions, both elastic scatterings and medium-
induced splittings, broaden the energy distribution
towards larger r. In fact, as shown in Fig. 34, current
experimental data within r < 0.3 is incapable of
precisely constraining the effects of medium response,
and several calculations without medium response [272,
279, 280] can provide reasonable descriptions of the
data as well. Much stronger effects of medium response
are expected at r > R where the energy density profile
is dominated by soft hadron production from jet-
induced medium excitation. Thus, more sophisticated
comparisons between data and theoretical calculations
in this region are required in the future. One
bottleneck in current model calculations is the lack of
a reliable event generator for p+p collisions. As shown
in Ref. [214], while Pythia-based event generators
produce satisfactory pT spectra of inclusive hadrons
and jets, clear deviations from experimental data
are observed in jet substructures, especially in the
kinematic regions dominated by soft hadrons. This
problem needs to be solved before we may expect more
accurate predictions on nuclear modification of the jet
shape.
The nuclear modification factor of the γ-triggered
jet shape can also be calculated as shown in Fig. 35
from the Lbt model simulations [98] in which effects
of medium response are modeled through propagation
of recoil and “negative” partons. Similar to the
single inclusive jet shape discussed above, one can see
that jet-medium interactions transport energy towards
the outer layer of the jet cone and result in an
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Figure 35. (Color online) The nuclear modification factor of the
γ-triggered jet shape in central Pb+Pb collisions at 2.76 TeV,
compared between with and without including medium response;
and in central Pb+Pb collisions at 5.02 TeV, compared to the
CMS data. The figure is from Ref. [98,281].
enhancement of this nuclear modification factor at
large r. Comparing the results for 2.76 TeV Pb+Pb
collisions with and without medium response, it is clear
that the medium response significantly increases the
energy density near the edge of the jet cone while it
has negligible impact on the hard core (r < 0.05) of
the jet. The Lbt result for 5.02 TeV Pb+Pb collisions,
including contributions from medium response, is
consistent with the CMS data [278].
Another interesting observation of the jet shape
is that a small enhancement of the jet shape at
very small r for single inclusive jets at pjetT >
100 GeV [276] does not exist for γ-triggered jets at
pjetT > 30 GeV [278]. This was first expected to
result from different broadening of quark and gluon
jets: the hard core of a quark jet (which dominates γ-
triggered jets) is less broadened inside the QGP than
that of a gluon jet (which contributes most to single
inclusive jets). However, this is shown incorrect in
recent studies [282, 283]. Although the shape of a
quark jet is narrower than that of a gluon jet, the
shape of their mixture is not necessarily in between
due to its definition [Eq. (95)]: it is self-normalized
to each jet event separately. Instead of the jet flavor
(quark vs. gluon) effect, different pT regimes are found
to be the main reason for different jet shapes. For
both single inclusive and γ-triggered jets, while a small
enhancement of the jet shape exists at small r for high
pT jets, it does not for low pT jets. This can be easily
tested with future measurements of single inclusive jets
at lower pT or γ-jets at higher pT.
For a more detailed investigation of the jet
shape, one may separate contributions from particles
within differentiated pT bins [277], as illustrated in
Fig. 36 from the Lbt model calculation for γ-jets [98].
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Comparing between p+p and central Pb+Pb collisions,
we observe a suppression of high pT particles at
large r while a significant enhancement of low pT
particles over the full r range. This comparison
demonstrates how the jet energy is transported from
energetic partons to soft ones via scatterings and
medium-induced splittings. This is referred to as the
“energy flow” within jets. In the lower panel, the
total contribution from jet-induced medium excitation,
shown as solid circles, constitutes a significant amount
of energy density especially at large r. As a result,
medium response is crucial for understanding how the
jet energy loss is re-distributed when jets propagate
through the QGP. A similar observable for studying
this energy re-distribution is known as the “missing
pT” in dijet events [284]. One may study the imbalance
of the summed particle pT between the leading jet
hemisphere and the subleading jet hemisphere and
learn how this imbalanced (missing) pT is recovered
with the increase of the cone size around the dijet
axis. As suggested in Ref. [77], including jet-induced
medium excitation is essential for recovering the lost
energy from dijet systems and obtaining balanced
transverse momenta between the two hemispheres at
large cone size.
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Figure 37. (Color online) Nuclear modification of the groomed
jet zg distribution in 0-10% Pb+Pb collisions at 5.02 TeV,
compared between different jet pT intervals. The figure is from
Ref. [292].
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7.3. Jet splitting function
As discussed in Secs. 2 and 3, parton energy loss
and nuclear modification of jets are closely related to
the medium-induced parton splitting functions. All
observables that have been discussed do not provide
direct constraints on the splitting function. However,
with the introduction of the soft drop jet grooming
algorithm [285–288], we are now able to eliminate soft
hadrons at wide angles and identify the hard splitting
within a groomed jet, providing a direct study on
the splitting function [289–291]. Contributions from
hadronization and underlying events are suppressed
with the soft drop, and a more direct comparison
between data and perturbative QCD calculations
becomes possible.
In the soft drop procedure, as adopted by CMS
and STAR Collaboration for analyses of heavy-ion
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Figure 39. (Color online) Effects of coherent vs. decoherent
jet energy loss on the nuclear modification factor of the groomed
jet zg distribution in 0-10% Pb+Pb collisions at 5.02 TeV. The
figure is from Ref. [292].
collisions, a full jet constructed using radius R via
the anti-kT algorithm is first re-clustered using the
Cambridge-Aachen (C/A) algorithm and then de-
clustered in the reverse order by dropping the softer
branch until two hard branches are found to satisfy
the following condition:
min(pT1, pT2)
pT1 + pT2
≡ zg > zcut
(
∆R
R
)β
, (97)
where pT1 and pT2 are the transverse momenta of the
two subjets at a particular step of declustering, ∆R
is their angular separation, zcut is the lower cutoff
of the momentum sharing zg. Both CMS [289] and
STAR [290] measurements take zcut = 0.1 and β = 0,
the former also requires ∆R ≥ 0.1 while the latter does
not. With this setup, the self-normalized momentum
sharing distribution
p(zg) ≡ 1
Nevt
dNevt
dzg
(98)
is used to characterize the parton splitting function,
with Nevt being the number of jet events in which two
qualified hard subjets are found.
This momentum sharing distribution has been
investigated with different theoretical approaches to jet
quenching in heavy-ion collisions [269, 292–297]. For
example, as shown in Figs. 37 and 38, a simultaneous
description of the nuclear modification factor of p(zg)
can be obtained based on the high-twist energy loss
formalism [292]. One interesting observation is that
while the nuclear modification of the splitting function
is strong for large pT jets at the LHC, it increases
as the jet pT decreases and becomes rather weak
again at lower pT at RHIC. Apart from the different
∆R in the implementations of soft-drop in CMS and
STAR measurements, authors in Ref. [292] find a non-
monotonic dependence of this nuclear modification
factor on the jet pT even when they use the same
∆R cut. Considering that the extracted splitting
function has contributions from both the vacuum and
medium-induced splitting [shown by Eq. (42)], one
expects vacuum splitting to become more dominant as
the jet pT increases, and therefore a weaker medium
modification as observed in Fig. 37. On the other hand,
the medium-induced splitting Pmed(z) and the vacuum
one Pvac(z) share a similar 1/z dependence in the low
energy limit, the medium modification of the observed
splitting function vanishes as jet pT approaches to this
low limit. Since p(zg) is defined as a self-normalized
quantity, its nuclear modification effects appear to
decrease with jet pT at RHIC, as seen in Fig. 38.
The competition between these two effects results
in the non-monotonic pT dependence as observed in
the current data. Note that both effects are seen
in the calculations within the high-twist energy loss
formalism and could be model dependent. Therefore,
this non-monotonic behavior should be further tested
with high pT jets at RHIC or low pT jets at the LHC.
The nuclear modification of p(zg) has also
been proposed as a possible probe of the color
(de)coherence effects in jet-medium interactions [292,
294] as illustrated in Fig. 39, where different
assumptions of nuclear modification are compared with
the CMS data. In this study, “vac+med, CEL” denotes
medium-modified parton splitting functions with
coherent energy loss for the two subjets; “vac+med,
IEL” denotes the medium-modified splitting function
with incoherent (or independent) energy loss for two
subjets within a jet; and “vac, IEL” denotes vacuum-
like splittings of partons followed by incoherent energy
loss of subjets. Figure 39 shows that only results
with “vac+med, CEL” splitting can describe the
experimental data.
Within the high-twist formalism [292], partons
lose smaller fractional energy at higher energy (the
energy dependence of the energy loss is less than a
linear one) after traversing the QGP. As a result,
independent energy loss of the two subjets in a given
jet event leads to a larger zg fraction as compared to a
coherent energy loss. This leads to an enhancement
in the nuclear modification factor at large zg after
shifting (smaller zg) and re-self-normalizing p(zg) with
incoherent energy loss. Current experimental data
seem to prefer the assumption of coherent energy loss
within the high-twist formalism. Note that such a
conclusion is specific to an energy loss theory and
depends on the extent of the zg shift caused by
incoherent energy loss. According to Ref. [297], a
reasonable description of data may also be obtained
using the BDMPS energy loss formalism with an
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incoherent energy loss assumption.
Although implementing soft drop jet grooming is
expected to suppress contributions from soft hadrons
within jets, Refs. [269, 295] still show a sizable effect
of medium response on the zg distribution. Therefore,
variations on soft drop grooming, zcut, β, R and ∆R
in Eq. (97) need to be investigated in more detail to
better separate hard and soft contributions.
7.4. Jet mass
In some jet-quenching models, such as Q-Pythia
and Yajem-rad as discussed in Sec. 3.2, the parton
splitting functions are not directly modified by the
medium. Instead, an enhanced parton virtuality
by parton-medium scatterings is assumed, which
induces additional vacuum-like splittings, leading to
an effective jet energy loss. The variation of partons’
virtuality can be explored using the jet mass [298]
defined as
M =
√
E2 − p2T − p2z, (99)
where E, pT and pz are the total energy, transverse
momentum and longitudinal momentum of a given jet,
respectively.
There are several theoretical studies searching for
medium effects on the jet mass distribution [113, 269,
299, 300]. Figure 40 presents the Martini model
calculation of the jet mass distribution in central
Pb+Pb collisions at 2.76 TeV [113] with and without
medium response. Compared to the p+p baseline, jet
energy loss without recoil partons from the medium
response shifts the mass distribution towards smaller
values, while medium recoil partons tend to increase
the jet mass. As shown in panel (c), no significant
variation of the mass distribution has been found in
the experimental data in Pb+Pb collisions from that
in p+p. In panel (d) of Fig. 40, one observes that
the average jet mass and the contribution from recoil
partons both increase with the jet pT. Similar findings
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Figure 41. (Color online) The nuclear modification factor of
the groomed jet mass distribution in 0-10% Pb+Pb collisions at
5.02 TeV, from Lbt simulations with and without contributions
from recoil partons. The figure is from Ref. [301].
have been seen in Refs. [269,300] as well.
To suppress contributions from soft hadrons and
study the virtuality scale of hard splittings, the mass
distributions of groomed jets have been measured
recently [302]. However, as shown by the Lbt model
calculation [301] in Fig. 41, the effects of jet-induced
medium excitation may still be large in jets with large
masses. Without the contribution from recoil partons,
a suppression of the mass distribution due to parton
energy loss is observed at the large groomed mass. To
the contrary, taking into account recoil partons results
in an enhancement. Again, one should note that while
the importance of incorporating jet-induced medium
excitation for understanding jet-medium interactions
has been commonly recognized, its quantitative
contributions in theoretical calculations depend on
the detailed model implementations. One should
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also keep in mind that its signals emerging from
experimental data will also depend on the choices of
various kinematic cuts.
7.5. Heavy flavor jets
As discussed in Sec. 5.2, heavy quarks are valuable
probes of the mass effects on parton energy loss.
However, due to the NLO (or gluon fragmentation)
contribution to heavy flavor production, it is hard to
observe the mass hierarchy directly in the suppression
factors RAA of light and heavy flavor hadrons at high
pT. Similarly, after including the gluon fragmentation
process, the suppression factors RAA of single inclusive
jets and heavy-flavor-tagged jets are also found to be
similar [303]. Photon-tagged or B-meson-tagged b-jets
are proposed in Ref. [304] to increase the fraction of
b-jets that originate from prompt b-quarks relative to
single inclusive b-jets. These await future experimental
investigations.
Instead of the integrated spectra of heavy flavor
jets, recent studies indicate that one can use their
substructures to provide more direct insights into the
“dead cone effect” [306] that suppresses the radiative
energy loss of massive quarks. Shown in Fig. 42 is
the relative difference between b-jets and inclusive jets
on the correlation between the splitting angle and the
radiator energy [305]. In this work, Pythia is used
to generate heavy and light flavor jet events and the
soft drop jet grooming is applied. For heavy flavor
jets, the branch containing the heavy flavor is always
followed when one moves backwards through the jet
clustering history. The relative transverse momentum
kT and angle θ of the other branch, together with
the energy Eradiator of the parent (radiator) that splits
into these two branches, are mapped into the density
distribution as shown in Fig. 42. With a proper
kinematic cut, e.g. ln(kT) > 0, one can clearly observe
a suppression of gluon radiation from heavy quarks
between the lower boundary given by the kinematic
cut θ = 2kminT /Eradiator and the dead cone size
θc = mb/Eradiator defined with the b-quark mass mb.
This simulation result serves as a promising guidance
for analyzing experimental data in order to directly
observe the dead cone of heavy quarks. Similar studies
should also be extended to both event generators
and experimental analyses of A+A collisions for the
purpose of understanding the medium modification of
the dead cone, which is the origin of the mass hierarchy
of parton energy loss inside the QGP.
We can also study the angular distributions of
gluon radiation from heavy and light flavor partons
using the jet shape. A similar quantity – the
angular distribution of D mesons with respect to the
jet axis – has been explored in both experimental
measurements [307] and theoretical calculations [308].
Comparing p+p and Pb+Pb collisions at the LHC, one
observes an enhancement of the nuclear modification
factor of this angular distribution at large distance to
the jet axis. By utilizing jet as a reference for the
heavy quark motion, this provides a novel direction to
learn how heavy quarks diffuse and lose energy inside
the QGP. To further understand how mass and flavor
affect parton-medium interactions and obtain better
constraints on jet-quenching theories, it is necessary to
continue searching for observables of jet substructures
with which heavy and light flavor jets can be directly
compared.
8. Summary and outlook
During the last two decades of experimental and
theoretical studies of high-energy heavy-ion collisions
at both RHIC and LHC, jet quenching has provided
a powerful tool to explore the properties of the dense
QCD matter formed during the violent collisions at
unprecedented energies. The extraction of the jet
transport coefficient, which is about 2 (1) orders of
magnitude larger than that in a cold nuclear (hot
hadronic) matter, provided a quantitative evidence
for the formation of the QGP at the center of the
heavy-ion collisions at RHIC and LHC. We have
entered an era of quantitative study of the properties
of QGP through a wide variety of probes, including
jet quenching and associated phenomena. We have
presented in this review recent progresses in theoretical
and phenomenological studies of jet quenching and jet-
induced medium response in heavy-ion collisions.
We have reviewed new developments in theoretical
calculations of large angle gluon radiation induced by
jet-medium interactions and the connection to existing
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results under different approximations in the high-
twist approach. The implementation of the induced
gluon radiation under different approximations in
jet transport models are also discussed. We have
reviewed phenomenological studies within these jet
transport models on suppression of single inclusive
light and heavy flavor hadrons, single inclusive jets,
modification of γ-hadron, γ/Z0-jet correlations and jet
substructures due to jet quenching. Special emphases
have been given to effects of jet-induced medium
response in current experimental measurements of
these observables.
Though an unambiguous signal of Mach-cone
caused by the jet-induced medium response is still
elusive in current experimental measurements, there
are a wide variety of phenomena in the experimental
observation that point to the effects of jet-induced
medium response during the jet propagation in the
QGP medium.
• The most striking phenomenon caused by the
medium response is the enhancement of soft
hadrons in the γ-hadron correlation and fragmen-
tation functions of single inclusive jets and γ-jets,
especially when the factional momentum in the
fragmentation function is defined by the momen-
tum of the triggered photon. The onset of the
enhancement starts at a momentum fraction that
decreases with the photon’s momentum, indicat-
ing an intrinsic scale related to the medium, not
the jet energy.
• Another striking effect of medium response is the
enhancement of the jet profile toward the edge of
the jet-cone and at large angles outside the jet-
cone. This enhancement is found to be mostly
contributed by soft hadrons/partons from jet-
induced medium response. Recoil partons from
the medium response also enhance the jet mass
distribution in the large mass region.
• The most unique feature of jet-induced medium
response is the depletion of soft γ-hadron
correlation in the direction of the trigger photon
due to the diffusion wake of jet-induced medium
response. Measurement of such depletion,
however, requires statistical subtraction of a large
background.
• The indirect effect of jet-induced medium response
is the jet energy dependence of the net jet
energy loss and the pT dependence of the jet
suppression factor RAA. Inclusion of medium
response significantly reduces and changes the jet
energy dependence of the net jet energy loss.
Therefore, without jet-induced medium response,
the pT dependence of RAA will be different.
Including medium response also changes the cone-
size dependence of the jet RAA.
Some of the above listed phenomena may be
explained by some alternative mechanisms such as
large angle and de-coherent emission of radiated
gluons [61, 273, 294]. However, it is important to
have a coherent and systematic explanation of all the
observed phenomena in jet quenching measurements.
Since jet-induced medium response is partly caused
by elastic scatterings between jet shower and medium
partons, which is a well established mechanism of jet-
medium interactions in most theoretical descriptions,
any established models for jet transport should include
them. Only then one can look for additional
mechanisms that can also contribute to these jet
quenching phenomena.
Experimentally, one still needs data with higher
precision since some unique features of medium
response need to be confirmed with better background
subtractions. The tension between ATLAS and CMS
experimental data on the cone-size dependence of jet
suppression still needs to be resolved, in particular
for smaller cone size and lower jet pT. We also
need to explore more novel measurements that can
identify medium response, especially the long-sought-
after Mach-cone which can help provide more direct
constraints on the EoS of the QGP matter produced
in relativistic heavy-ion collisions.
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